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NOTATION

The notation in this report as listed below generally
agrees with notation commonly used in present day literature
on soil mechanics. A major exception is the notation of
Appendix D which is taken from Timoshenko and Goodier (25).
That notation is defined in Appendix D and is not listed

here,

a = minimum (vertical) semi-diameter of deformed pipe
if cross section 1s assumed elliptical.

B 2 breadth of rectangular bearing surface.

b 2 maximum (horizontal) semi-diasmeter of deformed pipe
if cross section 1is assumed elliptical.

c 2 coefficient used in the Marston pipe load formula,

Cy = slope of Spangler's plots of C as a function of %
for incomplete ditch condition.

Gy s constant for a given set of soll characteristics

| which relates the deformation of the pipe with the

displacement of the soil,

Co = intercept of Spanglerts plots of C as a function of
% for incomplete ditch condition.

c 2 cohesion of soil,

D = mean diameter of pipe.

E = Modulus of Elasticity.



m as a

modulus of passive resistance of soil.

modulus of soil reaction.

vold ratlo of soil.

symbol for functional relationship.

height of earth f£11l1 above the top of the plpe.
height of fill from top of pipe to plane of equal
settlement,

height of fill supported by interlocking of the soil
grains,

horizontal soil pressure against flexible pipe cul=-
vert at horizontal dlameter,

moment of inertia of the c¢cross section of the pipe
wall per unit length of pipe.

coefficient in the Iowa Formula which depends on
the pipe bedding angle. |
eccentriclty of ellipse,

Terzaghl's coefficient of subgrade reaction.
length or length dimension,

length of pipe.

constant of proportionality between k, or e and H
in sand according to Terzeghi's theory.

subsceript refers to a model,

constant of proportionality between h and x
according to Terzaghit's theory.

length scale factor.
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Px
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-

net innertube pressure,

P-intercept of load-deflection diagram.

prpjection ratio,

vertical intergranular soll pressure.

horizontal intergranular soll pressure.

increase in vertica; load per unit area on a
horizontal sléb or loading plate.

mean radius of pipe.

settlement ratio.

slope of load-deflection diagram,

circumference of pipe.

transmission ratio of a given soll in a given model
cell = ratlio of py to P at the level of the top of
the pipe.

thickness of the pipe wall,

vertical soil load per unit length of pipe at the
level of the top of the pipe.

water content of soil.

horizontal coordinate to point of intersection of

coaxlal ellipse and circle with equal circumferences.

-

X-boundary = plane perpendicular to the x-axis which is a

boundary of relative soilmdiSplacement due to de=
formation of the pilpe.
horlizontal axis or coordinate in the plane of the

pipe cross sectlon.
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Y = vertical coordinate to point of intersection of co-
axlal ellipse and circle of equal circumferences.

Y=-boundary = plane perpendicular to the y-axis which is a
boundary of relative soil displacement due to dew
formation of the pipe.

Yy = vertical axls or coordinate in the plane of the pipe
cross section.

Z-boundary = plane perpendicular to the z-axlis which is a
boundary of relative soll displacement due to dee
formetion of the pipe.

z ® oxis or coordinate in the direction of the pipe

axis,

bedding angle of the flexlble pipe.
-1
tan' %o

® unit welght of soil,

b 3 o %
L]

2D - a.

AX = increase in horizontal diameter of flexible pipe
from initial circular shape to deformed shape.

Ay ® decrease in vertical diameter of flexlble pipe
from initial circular shape to deformed shape,

© = half of the angle of passive bearingrsurface on

flexible plpe under an earth fill.

A 2 any pertinent length in the soil.
Trs = pi-‘bem.
# 2 internal friction angle of soil,

9k 2 compactive effort in the soil,



I, INTRODUCTION

The increased number and size of earth fills in modern
highway construction is apparent to all who travel on the
Nation's highways. The vast expanslon of the highway program
alone accounts for many new earth fills,”but in addition the
percantage of new highway mileage on earth fills is in-
creasing. This is easily accounted for since new highways
are generally designed with curves which are fewer in number
and greater in radiuse=both horizontal and verticala~sc that

sight distance might be 1mprovedﬂ§or high speed motor vehicles,
The amount of fill 1s an 1hversevfunctlon of the number and
degree of the curves, Railroads, to a lesser degree, are
also constructing many new earth fills,

Purthermore thers is a decided trend toward the design
of earth fills for conditions under which bridges and trestles
would have been used in the pastes Indeed many old bridges
and trestles are belng replaced by earth fills, A good
example is Southern Pacific Railroad!s [j9 million dollar rock
£il1l which will replace the old Lucin Cutoff trestle in the
Great Salt Lake., This trend toward earth fills is not
limited to highway or rallway construction. ZEarth fills are
now being used in place of concrete fof-many new dams. They

are replacing sheet piling in many new cut-off walls, levees,
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cofferdams, etc. Even structures such as bulldings, air
strips, plers, etc., are being placed on earth f£ills which
would not have been economical in the past.

The expanding use of earth fills is no accident. The
development of modern high-speed, high-powered earth moving
equipment is largely responsible. Unit costs of hauling
earth have steadily decreased as the efficiency of the
equipment has increased. On the other hand, the cost of
steel and steel construction, and the cost of labor in con-
crete construction has increased markedly.

With the increased use of earth fill, there is a
corresponding step-up in the development of dralnage systems
involving culverts and drain tile and pipe. Development has
been the greatest in the case of preconstructed pipe, both
rigid and flexible. As is typical of design methods in all
rgpidly expanding construction systems, rules of thumb have
emerged from trial and error installations, and empirical
methods have developed from the rules of thumb. Now rational
theory is supplanting the empirical methods which have been
found inadequate.

In 1913 Dean Anson Marston of Iowa State College pub-
lished a theory for'calculating loads on conduits embedded in
'soil. The theory is now generally accepted. The design of
rigid pipe follows immediately from the prediction of load
by the Marston theory. Flexible pipe poses a different
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problem, however, since much of the pipe'!s strength is
developed by the surrounding soil which éupports the pipe
laterally as the pipe deforms. Consequently a theory has
been proposed by M. G. Spangler, Research Professor of Civil
Engineering of Towa State College, for designing flexible
pipe by predicting pipe deflection. His theory has not yet
found general application because of Insufficlent knowledge
of the relationship between lateral soil pressure and lateral
deflection of the plpe. This relationship has been written
as a ratio by Spangler and is called the modulus of passive
reéistance. If this modulus could be evaluated, there is
little doubt that the rational design of flexible pipe would
supplant existing empirical methods.

This dissertation 1s the report of a study designed to

further the understanding of the modulus of passive resistance.



IT. MODULUS OF PASSIVE RESISTANCE

A. Theory

During the construction of a soil f;ll over a flexible
pipe culvert, the vertical diameter of the pipe decreases,
and the horizontal diemeter increases as vertical load on the
pipe 1s increased. The increasing horizontal diameter causes
the pipe to bear laterally with increasing force against the
adjacent soill. The greater the lateral bearing resistance of
the soil, the less willl be the deformation of the pipe, eand
the less will be the chance of failure. It has been demon-
strated by experience that fallure in flexible pipe culvert
may be acceptably defined in terms of excessive deformation
(1, p. 70 and 19, p. 340). Maximum lateral support is
developed when the horizontal deflection reaches a maximum,
but at this point the pipe 1s in a state of inciplient
collapse, for any additional vertical load causes reversal
of curvature of the top portion of the pipe section. See
Figures la and 1lb. Reversed curvature decreases the hori-
zontal dlemeter; the benefit of the lateral soil support is
lost; and failure results. Thus the maximum vertical load 1is
developed at approximately the point of maximum horizontal
deflection.



Initial  Circle
Farlure [mminent

Reversed Curvature
(Failure in progress )

Figure la. Stages of deformation of a flexible pipe under a
soil £111 up to reversal of curvature which is

‘considered to be failure

No fill Maximum £111 Failure
(H = 0) (failure imminent) in progress

‘.Figure 1b. Progressive stress patterns on flexible pipe into
the stage of reversed curvature at which lateral
support is lost and failure occurs



Moreover, it has been observed that for a given per cent
increase in horizontal deflection the configuration of the
pipe cross section is approximately the same for all flexible
plipe culverts, Engineers of the Armco Dralnage and Metal
Products, Ince (1, pPe T70), claim that maximum vertical load
causes about a 20 per cent decrease in the vertical diasmeter
of the pipe. From their experience it has generally become
customary to define failure conditions in a flexible pipe
culvert as 20 per cent decrease in the vertical diameter. A4s
a basis for design, a decrease of 5 per cent in the vertical
diameter is used by Armco,

For small deformations of this magnitude (5 per cent),
the vertical decrease in dlameter is approximately equal to
the horizontal increase in diameter, If the pipe remained
elliptical in shape during deformation and if the circum-
ference of the culvert remained constant, the horizontal in-
crease In digmeter, A X, would be related toc the vertical de=
¢rease in diameter, Ay, by the relationship

| AX 2 0,914 Ay (18, p. 1h).
For practical deéign purposes it makes no difference whether
the horizontal or vertical deflection is specifiedr(}ﬁ, Pe
29)e In this thesis the horizontal deflectlon is the basis
for consideration since it deals more directly with the
lateral bearing resistance of the soll,

In order to design flexible pipe culverts according to
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the deflectlion concept, Spangler (18, p. 29) has derived a
rational formula for predicting increase in horizontal
dismeter, Ax, for a pipe embedded in a soil fill. He refers

to his formula as the Iowa Formula. His formula follows:

K W, r3
AX = R
E I+ 0,061 (er) r3 oo 1
where K = 0.5 sin « - 0.082 sin2 o + 0.08 ——
8in =

- 0.16 sin o< (77 = <) = 0,0l sin 2 <

8in =<
+ 0,318 cos < = 0,208,
Note: KX is a function of =< only, and 1s assumed constant
for any given installation. See Figure 2 for dimensions. In
these equatlons:
Ax = Increase in horizontal dlasmeter of the pipe
culvert (in.)
W, = vertical load per unit length of the pipe at the
level of the top of the pipe (1lb./in.)

L
fl

mean radius of the pipe (in.)
E = modulu.s of elasticity of the material from which
the pipe is constructed (1b./in.2)
1 = moment of inertla of the cross section of the pipe
wall per unit length along the pipe (in.h/ in.)
e = modulus of passive resistence (1b./in.Z/in.)
X = bedding angle of the pipe (degrees or radians).
The above notation is all familiar to engineers except the
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Figure 2, Idealized direct stress pattern on a flexible pipe
culvert under an earth fill resulting from
ldealized soil displacement



quantity, e; and all quantities can be easily evaluated
except e. The quantities r and o< can be measured in any
given installation. E and I occur only in the form of a
stiffness factor, EI, which can be evaluated for any given
pipe by tests or by simple principles of mechanics and
strength of materlals. W, can be determined by means of the
Marston formula (16, pp. 422, L42li) for culvert loading. The

Marston formula follows:

W, = C 7T (2r)? Eq. 2
where T = unit weight of the soil f£ill (usually given in
1be/Tte>)

r = mean radius of the pipe (usually in.)

Q
n

coefficient depending on: (a) the ratio of the
height of £1ll to diameter of the pipe, & , and
(b) settlement ratio and projection ratio which
define the plipe condition; i.e., incomplete or
complete, ditch or projection according to Mérston
as described by Spangler (16, pp. L09-U427).

The major stumbling block to the use of the Iowa Formula
appears to be the evalusation of e. This quantity was in-
vented by Spangler (18, p. 28) who referred to it as the
modulus of passive resistance. It 1s a measure of the

lateral bearing resistance or support contributed by the
adjacent soll as referred to in the opening paragraph. The
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modulus of passive resistance is similar to Westergaard's
modulus of subgrade reaction (27), Cumming's modulus of'
foundation (5) and Terzaghi's coefficient of horizontal sub-
grade reaction (22, 23) in fhat it i1s a measure of the rate
of change of lateral pressure with respect to lateral dis-~

placement., Written mathematically,

o =24 (h) Eq. 3

" d (ax)

where h

maximum horizontal soil preséure agalnst the pipe
assumed to act at the extremity of the horizontal
diameter. See Figure 2.

5%5 = horizontal displacement of the plpe at the point

on which h acts.

It is interesting to note that the dimensions of e are FL™3
vhere F represents force and L represents length. This
égbéss with the similar quantities developed by Westergsaard,
Cummings and Terzaghi.

As would be expected, Formula 1 shows that the greater
the modulus of passive resistance, the less the deflectlon,
[&x, and the less the chance for fallure., If e were zero the
pipe culvert would fail by deformation under a relatively
small vertical load which would casuse 1t to cocllapse for lack
of lateral supporte On the other hand, if e were very large,
the pipe would support a tremendous load up to the conditlon
at which the pipe wall would fail by crushing or buckling.
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Since modulus of passive resistance, e, describes this range
of valueé, it is evidently a most important factor in the
economical design of flexible pipes embedded in soil. Un-
fortunately it 1s ignored in most present-day design. So
1ittle 1s known about 1t, that designers customarily resort
to over-simplified experience tables with a factor of safety
of four or more. For example in the Armco "Handbook of
Drainage and Construction Products" (1, p. 105) design tables
for flexlible steel pipe culvert specify a gage number
(thickness of metal) for a given diameter of flexible steel
pipe as a function of height of fill. Each gage number
listed is calculated by Shafer's empirical formula (Equation
) from an average of nnmerous'actual pipe lnstallations in
which the vertical diameter has decreased by 5 per cent for a
given height of f1ill regardless of the type of fill or the
degree of compaction. This 5 per cent deflection represents
a safety factor of 4 since it is assumed throughout that 20
per cent change in the vertical diameter 1s a definition of
failure. No attempt 1s made whatsoever to consider the
effect of the modulus of passive resistance on the gage of
metal to be specified for a given installation. Such design
pracﬁices need alteration for, despite the possibility of
overdesign (with its related lack of economy), designers
still suffer the embarrassment of occasional failures.

Moreover such design practices offer no incentive for care
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in specifying degree of compaction or selection of f£ill.
Although the modulus of passive resistance, e, sppears
to be the key to rational design of flexible pipe culverts,
it is not yét understood. Not only are there no reliable
quantitativé values available»for e, but 1ts characteristics
have not even been established to the general satisfaction of
designers. The following historical background indicates the
extent to which conflicting concepts have arisen regarding

the characteristics of e.

B. Historlcal Background

Spangler'!s Iowa Formula was first published in Iowa
Engineering Experiment Station Bulletin 153 in 1941, In
connection with the derivation, Spangler (17, pp. 31=58)
reported the results of three series of experiments designed
to test the applicability of the formula. In general the
experiments showed that the formula may be used successfully
for predicting the deflection of flexlble pipe culverts if an
appropriate value can be found for the modulus of passive
resistance, e, of the soll. Spangler also observed some of
the characteristics of e in his early experiments. Since
these observations form a starting point for this investiga-
tion, they are summarized below:

1. Quslitatively, the greater the density of the soll
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adjacent to the plpe, the greater the modulus of passive
resistance, It was found that even with compaction much
below standard Proctor density, the value for e was twice as
great as with uncompacted f£ill (18, p. 65).

2¢ The modulus of passive resistance, e, appears to be
independent of the height of fill, both for uncompacted and
coméacted £111 (18, p. 24 and 19, p. 343).

3. The modulus of passive resistanée, e, appears to be
a function of the propertles of the soil only (18, pe 5),
that is, e 18 a constant for any given set of soil conditions.
This statement 1s further implied by Spanglert!s use of e in
his derivation of the Iowa Formula (18, p. 28).

In 1948 a summary of Spangler's work on flexible pipe
culverts was included in a paper presented to the American
Society of Civil Engineers (19)s The paper was entitled
"Underground Condults=-An Appraisal of Modern Research." The
éaper drew discussion from a number of leading engineeré who
had considerable experience in culvert design. Shafer (15,
Pe 357) recognized that the weakness of the Iowa Formula is
in the difficulty of evaluation of e, He further attempted
to verify the Formule by resolving the height of fill, H, in
terms of thickness of metal, t, and diameter of pipe, D,
using both the ITowa Formula and his own experience-proven
empirical equation, Then he compared the results of the two

equations. Shafer!s empirical equation (15, p. 355) follows:



where Ay = vertical change in diameter
ky = a constant

= height of fill

diameter of pipe

ca O o
i

thickness of metal

m, n, 8 = exponents,

Hils table of comparisons shows that some values for height of
£ill, H, agree, but that many other values are in wild dis-
agreement. He concluded that the Towa Formula does not give
proper value to certain component factors as warranted by
experience,

Kelley (7, pe 36&) arrived independently at a similar
conclusion, He solved for height of fill, H, as a function
of diameter of pipe, D, using the Iowa Formulas. All other
quantities in his equation were held constant, a typical
value being used in each cases The result showed that H de-
creased as dlameter, D, Increased upJfo a specific diameter;
but that above this specific diameter, H increased againe.

See Figure Lj5. Quoting Kelley (7, p. 365), "Such results are
unreasonable. o o' and further, "It may be that the writer's
(Kelleyts) assumpﬁion of constan£ settlement ratio or a con-

stant value of the modulus of passive resistance, or both,

may be incorrectes™ The author is responsible for underlining

modulus of passive rasistance,
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In the same year, 1948, Spangler (17, p. 249) reported
the results of an attempt to apply his Iowa Formula to five
sets of data from flexible pipe culvert tests in North
Carolina. The objective was to compare the measured deflec=-
tion against the deflection as calculated by the Iowa Formula.

In each case e was calculated from the definition:

2h

e'-.——--

Ax
In these tests a log of both h and Ax had been kept. The
results satisfactorily confirmed the Iowa Formula, but the
general observations regarding e as listed on page 13 wers
only partially confirmed, For exémple e was found to be
independent of height of fill in some tests but not in all,
Also there was some indication that e varied as the stiffness
of the plpe wall, EI.

Since 1948 very little more has been done towards the
evaluation of e; consequently culvert designers have béen
slow to accept the Iowa Formula. In 1955 Spangler and
Donovan (20) reported the investigation of a device designed
to evaluate e directly for any given soil, The device was
sinmply a circular rubber membrane in the side of a bin filled
with soil of specified so0ll characteristics, Air pressure
forced the rubber membrane against the soil, Deflection of
the center of the member, as measured by a dial gage was con-
sldered to be 5%5 s and sir pressure on the membrans (corrected

for pressure of membrane inflation) was considered to be h.
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The modulus of passive resistance was then calculated by means
of the definition, e = 7%% e The experimental work was
carried out as part of a master's thesis by James C, Donovan
(6)o

There appear to be some weaknesses and limitations in
Donovan's method, In the first place the nearly spherical
Shape of the inflated membrane is nothing like the cylindrical
surface of an actual pipe installation, Secondly, the
average air pressure 1s not quite the same as the maximum
horizontal pressure on the side of a flexlible pipe. It 1s a
logical assumption that a correction factor would be needed
to convert Donovan!s e to the’e required in the Iowa Formula.
Such a correction factor-does not appear easy to determine,
Thirdly, Donovan'!s investigation does not allow for an in-
crease in vertical load on the soll as the membrane dsflects,
Actually if the loading of a culvert were simulated, the
pressure on the membrane should increase at some rate which
is a function of increasing vertical soil pressure. Conse-~
guently it is impossible by means of this method to determine
whether helght of fill has any effect on e, Finally, it is
impossible by means of this method to measure the effect of
stiffness of the plpe wall, EI. In order to investigate the
characteristies of the modulus of passive resistance it is
evident that a more powerful means is required than Donovan's

device provides,

A paper was presented at the A.S.T.M. meetings in June
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1957 by Russell E. Barnard (2) in an attempt to circumvent
entirely the need for evaluating e. His proposed solution of
the flexible pipe problem is highly theoretical and requires
so many assumptions as to ralse some question as to the re-

sults. It is as yet unproven.

C. Object and Scope of Investigation

The Iowa Formuls appears to be acceptable as a rational
approach to the flexible pipe culvert design problem where no
rational approach has heretofore been available, This justi-
fies a careful investigation of e because the rational
approach, when properly substantiated by tests, leads to
generally better design than does an equivalent empirical
approach. In the first place the rational approach brings
about a keener appreciation of the factors affecting per-
formance. This in turn encourages greater care in design.

In the second place, bounds and limitatlons of performance
are more generally recognized. IExtraordinary clircumstances
can be recognized and deliberated with confidence. Finally,
the designer, being human, feels security in the use of a
method if the principles are fully understood, for under-
standing reduces the problem to terms of his own experience.
Such a method is more acceptable than the emplrical approach
which 1is based solely on the experience of someone else.

Quoting Shafer (15, p. 357):
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Those engaged in the manufacture and distribution
of flexible drainage structures see a definite
need for a rational method of design. Not because
deslign based on experience, such as the empirical
equation, 1s wrong, but because it is possible
that the full economy of flexible construction is
not utilized in all cases. Furthermore, engineers
prefer a rational approach to any problem, even
though they use empirical methods in the solution
of many problems. The rational approach also
leads to a clearer understanding of the basic
principles involved.

Besides being rational, the Iowa Formula includes
pertinent factors which present-day design methods do not in-
‘clude. With an understanding of these factors, greater
accuracy seems possible.

To the author it appears that the most satisfactory
solution of the flexible pipe culvert design problem is by
the use of the Iowa Formula for deflection, prdﬁided suffi-
cient information can be developed regarding the modulus of
passive resistance. The object of the project reported here-
in was to investigate the characteristics of the troublesome
modulus of passive resistance, e, and to establish practical
methods for evaluating it through a knowledge of its
characteristics. Model study was the means adopted for the
investigation.

The object as stated above is very general. It was
necessary to delimit the scope within which the investigation
proceeded. It is hoped, of course, that subsequént investi-
gations will extend beyond the scope outlined here. There

are so many factors which influence the modulus of passive
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resistance, that it was impossible to completely describe the
effects of all. This was particularly true with regard to
the soll characteristics for soil is an infinitely variable
material. The scope of the project excluded all but a few
basic soil characteristics. Of the soil characteristics
included, the difference between the effects of cohesionless
801l (clean sand) and cohesive soil (clay) was considered to
be of priﬁary importance. Most solls are a combination of
particle sizes varying between the 1limits of sand and clay.
Gravel and boulders are usually encountered as bodies sus-
pended in a matrix of finer particles and for most anslyses
may be sieved out and rejected. The effects of gradation of
particle size were outside the scope of this project, but the
effects of sand and clay certalnly establish procedure and
prcb ably establish limits within which the eaffects of graded
soils fall. A second basic soll characteristic which was in-
vestigated is compaction. Since compaction is not independent
of soil density the two were investigated jolntly. Other
soil characterlistics were generally considered to be outside
the scope of the project except as they influence the basic
soil characteristics indicated above. One example of such a
soil characteristic 1s the moisture content which affects
vertical soil pressure., Of course moisture content affects
more than just soil pressure, but in any other respect it was

outside the scope of this project. Such a limited
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consideration of moisture content is not difficult to accept
in the case of sand, for the behavior of wet and dry sand is
the same (except for soil pressure effects) for most design
purposes.

Clay poses a different problem. The behavior of wet
and dry clays vaxies greatly. Nevertheless it seemed justi-
flable in this project to limit the investigation to the case
of dry clay or nearly dry clay. If the moisture content ex-
ceeds the liquid 1imit the clay has negligible cohesion and
the friction angle is very small. Such a case approaches
hydrostatic pressure in culvert design, so the stresses on
the'pipe are all radlal, and the déflection theory of failure
does not apply. The modulus of passive resistance ceases to
be a factor in such a case.

If the clay is in a plastic state, that is, if the
mois ture content exceeds the plastic limit, there is slight
cohesion at the time of placement of the f£ill, and the in-
ternal friction angle 1s small. Under these conditions the
pressure state still does not differ greatly from hydrostatic.
Of course, in time cohesion will tend to develop, but

eritical load conditions occur at the time of construction
before much cohesion has de#eloped. Future investigation
might well include the effect of mecisture content on the de-
flection theory, but such an investigation was not inecluded

in the scope of this project.
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In addiﬁion to the soll characteristics discussed above,
the effects of the following factors were 131cluded in the
scope of investigation: mean radius of th_e pipe, r; stiff-
ness of the pipe weall; EI; and height of fill, H.



22

IITI. COMPARISON OF BASIC APPROACHES TO THE INVESTIGATION
OF THE MODULUS OF PASSIVE RESISTANCE .

All possible approaches to the investigation of e might
be categorized in three areas: theoretical, full scale
statistico-empirical, and model study. Actually model study
is a combination of theoretical and statistico-empirical
methods, but 1t is listed separately in order to distinguish
model studies from full scale studies. Naturally most
approgches will extend into more than one of the three areas
just as model‘study extends into all three areas, but
basically the categorization serves for comparison. The
object of this chapter is to evaluate the three basiec
approaches and to show why model study is selected as the
most promising approach to the investigation of e.

A. Theoretical Approach

A completely theoretical approach is virtually im-
possible at present. The modulus of passive resistance is
highly dependent on soil characteristics, and too little is
known about the physical chemistry of solls and surface
rhenomena to predict the modulus of passive resistance. Even

if the chemistry of a soil were completely known, e could
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not be predicted because it 1s also a function of other
quantities such as radius of the pipe, boundary conditions
including pipe distortion and foundation settlement, and de-
gree and method of compaction if these are not accounted for
as soll charascteristics. If the soil were elastic, the in-
fluence of some of these factors might be theoretically com-
puted, but in the case of large soll deformations as occur
eround a flexible pipe, the assumption of elasticity is ques-
tioneble. For example, Williams (28) has demonstrated
Marston's theory (8) that above a culvert in a homogeneous
£111 there may exist a horizontal plane (called the plane of
equal settlement) above which the culvert deflection has no
effect on relative soil displacement. Such a plane of equal
settlement could not be arrived at by principles of
elasticity if the soil were assumed to be a continuous
elastic meterlial. Rather with relatively large soil de-
formation, shear planes and shear regions form which bresk
the continuity of the material.

Terzaghl has established a semi-theoretical approach for
evaluating a quantity which he calls the coefficlent of sub-
grade reaction (22, p. 297). He uses the notation, k, and
defines it in exactly the seame way as Spangler defines his
modulus of passive resistance, e. The only apparent dif-
ferences between k and e are the shape of the bearing surface

and the way in which vertical soil pressure is applied. e is
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defined for pipe surfaces, and k is defined for surfaces which

are initially plane rectangles such as beams and slabs or

sheet piling. In the case of beams and slabs (footings) which

bear on a horizontal soll plane, Terzaghl uses the notation

kg and defines 1t as
ks=f§

where q is the increase in vertical load per unit area on the

slab and Ay 1s the vertical displacement of the beam or slab

due to load, q.

In the case of horizontally 1oaded piles, Terzaghl uses
the notatlon, kp, and refers to it as the coefficlent of
horizontal subgrade reaction.

n = 25
where h 1s the increase in horizontal soll pressure against
the piling and Ax is the horizontal displacement due to h.

At this point in his theory, Terzaghi makes three

assumptions, the first two of which are deduced from empirical

observations.

(A) For cohesionless material, such as clean sand, Iy
increases with depth according to the relationship
kh =mp, H
where my, i1s a constant of proportionality and H is the depth

below the surface.

(B) For stiff clay, ky is independent of the depth
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below the surface.

(6) ky is independent of horizontal pressure, h.

If these assumptions are accepted, Terzaghi's theory for
ky in stiff clay 1s preclsely the same as Spanglér's theory
for e in any non-saturated soil. See page 13. Térzaghi's
assumption that ky, is independent of depth below the surface
is equivalent to Spangler's suggestion that e is independent
Ao: Eeight of £1l1l., Terzaghl's assumption that ky, is inde-
pendent of h 1is equivalent t6 Spanglert's use of e in the
derivation of the Iowa Formula whereinrit is assumed that e
is independent of Ax and h (3, p. 28). One serious dif=-
ference shows up between Teréaghi's Assumption A regarding
sand, 1.8+, ky 13 a function of héight of fiil, ky = my, H,
and Spangler's observation thﬁt é is independent of height
of £il1l1 in aii soils. This difference must not be overlooked
in the case of sand; but in order to complete this ﬁhepretical
discussion of e according to Terzaghi's theory, his assump-
tions are here rewritten as they would apply to the fléxible
culvert situation. .

(A) For cohesionless material, such as clean sand,

e =mH Eqe 5
vhere H = height of fill,

m = constant of proportionality.
(B) For stiff clay e is independent of the height of

fill.



26

(C) e is independent of horizontal pressure, h, in all
soils.

The agreement between Spangler's theory and Terzaghi's
theory as applied to culverts in cléy suggests that for sfiff
clay the above listed assumptions regarding the use of e are
acceptable. Accordingly, all that 1s needed to evaluate e
for any stiff clay 1s a single test by some kind of a device
which will exert a lateral pressure against a typical soil
sample (at proper moisture content, proper compaction, etc.)
and at the same time measure the horizontal displacement. Of
course the pressure must be exerted by a cylindrical plate
shaped like the side of a pipe; and the pressure, h, and the
deflection, Ax, must be measured at the horizontal dismeter
of the plate. Ideally this cylindrical plate should deflect
from a circular arc to some unknown arec just as the pipe
section would, but since the deviation is of secondary im-
portance for small deflections g device as shown in Figure 3
might achieve sufficiently accurate results. See Appendix B.
The device shown 1s hereinafter referred to as the Modpares
Device (modulus of passive resistance device). Basically
the device applies lateral pressure, h, to ﬁhe soil by means
of a membrane which is inflated by air pressure. The air
pressure, corrected by some tare smount required to deflect
the membrane alone, becomes he The displace_ment _AZEE may be

measured by a dlal gags as shown. The required angle of
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contact, 20, and the shape of the inflated membrane as a
bearing surface are discussed in Appendices A and B. The
width of the bin, B, 1s indicated as being greater than
2.12D. This value is based on Terzaghi's assertion (22, p.
316), that the distence to the effective boundary of soil
displacement is three times the width of the bearing surface,
B. The width of the bearing surface in this case 1s equal-
to or less than ch) sin 1i5° as demonstrated in Appendix Aj;
so ‘
B = 0.707D.

This effective boundary of soil displacement is based on the
theory of elasticity as applled by Terzaghi (23, p. 424). If
this Modpares device were developed, the results would be
subject to all of the above mentioned theoretical assumptions.

As shown in Figure 3 the Modpares device 1s équipped
with a méans for app;ying vertical load to the soil specimen.
When used with stiff clay, the clay must be compacted and
consolidated to the same degree called for in the field, but
as described in the sgbove parsgraph, e is assumed to be inde-
pendent of height of f£ill (or vertical pressure) for stiff
clay; so vertical presSure shouid have no effect on the test
after consolidation is completed.

Accdrding to Terzaghits Aséumption A, sand presents a
different problem, since e‘is directly proportional to the
height of fill. In order %o use the Modpares device for
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sand, it would be necessary to run two or more tests. In
each test a different vertical load would be applied to the
soil. Agraphof h versus 5%5 could be plotted for each
test. The slope of the best fit straight line would become
the modulus of passive resistance, e, for each; theh assuming
& linear variation of e as a function of height of £ill the
value of m could be solved in the equation, e = mH. Thus e
mgy be determined for sand as well as stiff clay by the
Modpares device. After this device was designed 5 similar
device was proposed by Dr. J. M. Hvorslev1 in a2 recent as-
yet-unpublished discussion by Brown of a paper by Spangler
and Donovan (20), enclosed in a letter from Turnbull? to

Burggraf.

Terzaghi attempts to circumvent the heed for a device to
measure e by providing tables vhich give typicél values of e
. for varlous types of soil, at various degrees of compaction,

and for a 1 ft. square bearing plate. Of course his tables

ICOnsultant, Soils Division, U. S. Army Engineer Water-
ways Experiment Station, C. E. Vicksburg, Miss.

2Turnbu11, We Jdey Engineer, Chief, Soils Division, U. S.
Army Englneer Waterways Experiment Station, C. E. Vicksburg,
Misse., in a letter to Fred Burggraf, Director, Highway Re-
gearch Board, as noted in a copy received by M. G. Spangler,
with enclosure by Donald N. Brown, Engineer, Solls Division,
U. S. Army Engineer Waterways Experiment Station, C. E.,
Vicksburg, Miss. '"Comments on 'application of the modulus of
passive resistance of soll in the design of flexlble pipe
culverts! by M. G. Spangler and James C. Donovan.® Private
communication, 25 July 1957. .



30

are desligned especislly for horizontally loaded piles, not
culverts.

The question arises as to the degree of error incurred
by the basic assumptions in the above semi-theoretical dis-
cussion. Regarding Assumption A that e = mH for sand, Figure
lia. shows a probable plot of h versus H for average,cleaﬁ sand
according to Terzaghi (22, p. 32}). The horizontal displace-
ment.QEE is constant for all helghts of fill, H. Since

e=%?-(2-§%),then d(h)=nm95-§—"l.

Integrating for a given height of fill,

h = m.HZ£%5 .

It is assumed that %’.‘- = 0 when h = 0, Since %5 is constant
for all heights of fill as specified for construction of the
figure, the plot of h vérsus H according to Assumption A 1s a
straight line as shown dotted. Thé discrepancy between the
probable and the theoretical plots is significant.

Regarding Assumption B that e is independent of height
of £111 for stiff clay; if -92’-‘ is constant, the h versus H
plot should be a straight vertical line as shown dotted in
Figﬁre b, The same figure shows the qualitative discrepancy
between the theoreticél and a probasble plot as proposed by
Terzaghl (22, p. 324).

Regarding Assumption C that e 1s Independent of hori-

zontal pressure, h; there is considerable discrepancy between’
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typical measured values according to Taylor (21, p. 576) and
theoretical wvalues if the closely related case of penetration
of a bearing plate is considered, Figure lic shows an average
pPlot of settlement versus load stress, q, for any soil,
Transposed into the horizontal equivalent the typical
measured plots of h versus AX sppear as shown in Figure Ld
for sand and stiff clay where H is equivalent to q and Ax
replaces Ay. At the same time the theoretical plot is com-
puted from Assumption C:

2d(h
e = Ax) = Constant. Integrating,

ham AOx - Eqe 6
where m'* 1is a constant and where Ax = 0 when h =2 Cs A plot
of this curve is shown dotted in Figure 4d. Note that the
discrepancy with typical measured values 1is sizeable.

This conslderation of error is only qualif;ﬁive, but it
does point out some of the weaknesses in the adaptation of
Terzaghit's semi-theoretical approach to the investigation of

B, Full Scale Statistico-Empirical Approach

The full=-scale statistlco-empirical approach would seem
to be the most loglcal approach if judged by present methods
of design of flexible pipe culverts, Nearly all design at

the present time is based on average performance of
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installations in the field (1). The adjective, "full-scale"
is used to distinguish the study of actual pipe installations
from model study as described in the next section. "Fulle-
scale" includes not only test installstions but service
installations as well, The coined adjective "statistico=-
empirical® refers to the empirical developmenﬁ of .- statistical
data‘fromfnumerous installations. For example logs of deflec=
tions and soll pressures on many installations might be
assembled, The 1nfluenée of vafious factors such as type of
801l and degree of compaction could then be arrived at by
statistical methods. Very likely a digital computer would be
needed to solve the-simnltaneous equations involved for the
number of unknowns would be equal to the total number of
1ndepeﬁdent Soil characteristics plus the total number of
independent pipe characteristics plus the total number of
boundary conditions. Because of so many unknowns, a tre-
mendously large number of installations would have to be
tested at a very high cost, As a matter of fact it is doubt=
ful that enough pipe culverts are installed in a year in this
country to adequately analyze all of the varliables that in-
fluence e,

In addition, a very complicated arrangement of pressure
cells, settlement plates and deflection gages would have to
be designed, installed and maintained, Also a very elaborate
soll testing and inspecting program would be imperative.
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Time as well as money would be requireds In addition to the
time required for installation of measuring equipment, many
mbnths of time might be required to investigate the time lag
factor after each increment of fill in certain soils, Most
contractors would not stand for such a delay during construc-
tlon of the fill. Moreover, of the culverts that are in-
stalled, many are overdesigned, so the performaence up to
fallure conditions cannot be observed,

A more productive approach would be to set up an
elaborate series of full scale test installations in which
certaln factors could be controlled and in which tests could
be conducted on up to the point of fallure. But even under
these circumstances serious problems would arise, First the
project would be very expensive, Not only would hundreds of
installations be required, but each installation would
probably have to be housed to preserve a controlled moisture
content. Expensive sleved and graded fill would be required,
and to include all present day fllls a height of approximately
200 feet would be necessary.

Another serious problem concerns the accuracy of soil
pressure cells, No pressure cells in use at present are en-
tirely satisfactorye In order to accurately measure soil
stresses the pressure gage would have to distort on its sur-
face exactly the same as the displacement pattern which the
soil would assume if the gage were replaced by the original

soll. Moreover, the friction angle between pressure cell and
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Soll would have to be the same as the internal frictlion angle
of the soil; and the cohesion between the pressure cell and
the soll would have to be the same as cohesion within the
soil., Such a gage is virtually impossible, DBased on years
of experienge in measuring stresses on culverts, Spangler
8till places more faith in the simple friction ribbon than in
Soll pressure cells, The friction ribbon is a stainless
steel ribbon (18, pw‘33) covered with a sheath and embedded
in soil. The amount of force required to just start pulling
the ribbon through the sheath 1s recorded. By proper pre-
calibration of the coefficlent of friction of the sheath
ageinst the ribbon, the normal soil pressures against the
ribbon can be evaluateds Time and moisture content affect
the accuracy of the ribbon Just as they affect the accuracy
of most soil préssure cells (18, p. 51).

The agbove discussion présupposes that e is computed from
its definition, e < %%é?%), where the lateral soll pressurs,
h, and deflection of the pipe, AN x, must both be measured, A
more indirect method might be employed by which the hardetoe
measure h would be eliminated. Spanglert!s Iowa Formula could

be rewritten solving for e, The result follows:

3=l6.uK§cZ-i-160h-EmIo Eq.?

Obviously values must be assumed or evaluated for K and W,
which are so questlonable as to make the entire approcach

undesirable,
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In ﬁhe“final analysis the full scale statistico-
empirical approach becomes so clumsy as to make it absurd.
The sole objective is to evaluate e so that the deflection of
the pipe, A x, might be predicted. Yet it is necessary to
measure Ax in order to evaluate e. If enough measurements of
A x could be made in full scale installations to accurately
'determine e for all cases, there would be no further need for

e because the deflections would be known.

C. Model Study Approach

The most promising approach to the evaluation of modulus
of passive resistance, e, is model study. As shown in Section
IV all of the design conditions for a true model can be met
reasonably well so that questionable assumptions need not be
imposed upon the investigation. See the assumptions listed
on page 25. This makes it possible by model anelysis to
study the effects on e of such quantities as radius of pipe,
r, height of fill, H, stiffness of pipe wall, EI, etc.

Despite the greater power of the model~study, no more time and
money is required to run a series of tests than would be re-
quired to run an equivalent series of tests on the Donovan
Device or Modpares Device. Certainly much 1éss time and money
would be required than for full scale tests. Finally by
model analysis the control is improved to the point where al-

most any quantity which affects e may be isolated and studied
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separately. Thus the work can be carried slong on an
economical basis at the convenience of the researcher. The
next chapter shows a development of principles of model study
as used in this investigation.

The basic approach in the next section follows very
closely the development of general principles of similitude
aceording to Murphy (10). Rocha (13) has proposed some basic
principles of similitude specifically for soil with some of
the same results observed in this project, but Murphyt's
development 1s more general and makes possible the in#estiga-

tion of many factors which Rocha has neglected.
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IV. THEORY OF MODELS AS APPLIED TO FLEXIBLE PIPE CULVERTS
- UNDER EARTH FILL

A, Basic Principles

The theory of true models 1s convenlently arrived at
through consideration of a generalized TT-term relationship
which describes the performance of a system called the proto=-
tyﬁe. Such a relationship follows:

M =2 7T, T3y Tys o o o o e 1Tg) Eqe. 8
where TTl is a funetion of T,, TrB, 1Th, etce In this
generalized form each Tl=term is dimensionless, is inde=-
pendent of all.ofher T -terms, and represents one or more of
the primary quantities which affect the system. Now since
Equation 8 is dimensionless it is perfectly general and
applies equally well to any other system which is a funetion
of the same variables regardless of the units of measurement
and regardless of the magnitudes of the measured quantities.
Specifically it applies to a model system for which variasbles
are the same (10,'p. 58). Using the subscript, m, for the
model, the Tl «term relationship becomes:

_TTlmz F(-’sz, Tr3m, TThm’ ® o 0 0 0 TTsm) Ege 9

Since Equations 8 and 9 describe the same phenomenon, since

the forms of both equations are the same, and since all
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M =terms are dimensionless, corresponding T -terms may be
equated, The equations of the corresponding Tl «~terms provide

a set of design conditions for creating a model, These design

conditions are:

Tram: TT2
Tra,,,: TTB
Trli-m?“l#
Trsms My

The equation of the secondary T] -terms 1s a prediction equa=-

tion’ Trl - Trlnl.

or course; ény other Tl=term of the general Tl-term re-
latlonship might be used instead of Ti; as the basis for a
predliction equation since all TT-terms are independente In

such a case the equation, 77y = Trlm’ would become a design

condition,.

Be Development of Design Conditions
and Predictioﬁ Equations

It was mentioned above that each T e=term 1s a dimension-
less quantity which includes one or more of the primary
quantities that affect the systeme This provides a starting
point from which a general T/ -term relationship may be written
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for the system, In thig investigation 1t is proposed that
the modulus of passive resistance, e, be studied, The system
consists of a flexible pipe culvert (without internal
pressure) under an earth fill, As defined before, e = 2 %%%%ET
where h = horizontal soll pressure agalnst the side of the
pipe on the horizontal diameter, and Ax = the increase in
horizontal diameter of the pilpe, As explained in the pre-
ceding section h cannot be easily evaluated so it may be re-
placed by other primary quantities on which it depends, All
independent primary quantities which appear to influence e
must be listed, A reasonable set of such primary quantities

follows:
l. e = modulus of passive resistance FL,~3
2¢ T = mean radius of the culvert
3¢ A = any other pertinent dimension in the soil L
2

o EI = stiffness factor for the wall of the pipe FL

S5e Py = vertical soil pressure at any depth, 2z,

in soil L2
6e ey = voild ratio of the soil (function of
density)
7o W = water content of the soil (per cent)
8 £ = internal friction angle of the soil
9« ¢ = cohesion of the soil FL~2
100, [l = compactive effort (work per unit volume) FL2

11e | = length of the pipe (may be included in A\) L
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Quantities 5 to 10 are soil characteristics. The bedding
angley, X 4 is not listed in the above set because it can be
written in terms of >\. See Figure 2, A also covers such
primary quantities as configurations of boundariles, displace=-
ments of the boundaries, and displacement (or strain} at any
point in the soil, 2 1s considered separately rather than
in connection with A in order thet two dimensional stress
condition might be Justified later.

Now the above set of primai'y quantities may be arranged
into a general Tr=term relationship. This can be done
arbltrarily just so the Tfe-terms are all dimensionless and
independent of each other and just so all of the primary
quantities are included., The minimum number of T «terms re=-
quired is determined by the Buckingham Pi-theorem (10, pe. 36)
to be nine. The Buckingham Pi-theorem states in effect that
the required number of Tr-terms is equal to the number of
primary quantities (11 in this case) minus the number of di-
mensions in which these quantities are measured (2 in this

case==F and L). One possible TT=term relationship may be

written as follows:

o =f( A, EI ,Pv, e, w #, S, L)\ .
0 <r ﬂru’fl.’evw’ﬂ’ﬂ’r>

The same relationship would obtain if the primary quanti-
ties were written in terms of a unit of length instead of
total length of the pipe except that the "i?'" term would
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disappear, For instance in terms of unit length of the plpe

the dimensions of e, EI, py, ¢, and fg.are dimensionally
altered as follows:

Primary quentity Dimensions (per unit length of pipe)

) FL~4

EI FL
. oy gL=3 -

c FL.~3

4} FL3

That these dimensions do not affect the dimensionless quality
of the TMeterms is easily checked, The My~term 1s

or . FL-UL -
'ﬂi =N % g3 ° 1 eta,

Since l is now a fixed unit length, it can no longer be ine
cluded as one of the 1l primary quantities, and only 10 pri-
mary quantities are availlable. The Buckingham Pi-theorem
sets the number of TT-terms at 8 instead of the 9 shown in
Equation 10, Inspection of the last TTeterm, '%% s reveals
that it 1s no longer an independent TT=term since ! is now
fixed and r occurs in other TTeterms, The {% term 1s thus
eliminated,

The above rational attempt to delete the %% term accom-
plishes nothing more than imposition of the assumption that a
two dimensional stress (or strain) state exists. This assump-
tion would require that there be no relative displacement of

any point of the system in the direction of the pipe axis, O0Of
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course relative displacement of the soil does occur in the
direction of the plpe axis, Indeed, many soil fills expand
visibly with respect to the pipe in the direction of the pipe
axis as the height of fill is raised or as a surcharge load
is applied; but experience generally indicates that within
the accuracy of present-day design methods, the assumption of
two-dimensional stress (strain) is reasonable,

Nevertheless, 1t must be pointed out here that the
general T eterm relatidnship is not 1limited to & two=
dimensional stress (strain) state. All that is necessary to
achieve three dimensional stress is to include the ninth T
term, -25 o Very likely the time will come when sufficient
accuracy can be developed in prediecting the performance of a
pipe-fill system to justify inclusion of three dimensional
stress, Within the scope of this study, however, only two
dimensional stress (strain) will be considered.

Ce Basic Design of Model

With the Tr=term relationshlip established the model can
be designed by equating corresponding IT-terms for the model
and the prototype. These particular design conditions are

here referred to as Design Conditions I.

r
Design Conditions I Let the scale factor be n 2 7
_ -m

le Ap S A Geometrical similarity must exist
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throughout the soil of both systemse.
This condition establishes all
boundaries in the soil of the model
system such as the plipe boundary,
rock ledges, wing walls, bed rock,
etees Actually the soll surface
should be included as a boundary, but
an equivalent stress boundary may be
substituted as described later, This
condition also establishes the dimen=
sions and positions of zones of dif-
fering soil properties,
2. (EI), = ﬁﬁﬁl‘ This gives the required stiffness
factor for the wall of the model pipse.

3¢ (Py)y = Py These conditions indicate that all
jlm = {0 sell characteristics in the model
(eg)y & e, must be the same as the corresponding
WS w scil characteristics in the
P =8 prototype.

Since the purpose of this model study is to determine
the modulus of passive resistance, e, the equating of the
first 77 ~-term for model to the first for prototype provides a

prediction equation. It is here referred to as Prediction
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Equation T.

Prediction Equation I

m
I
or since fl =_f2m and n = 5;‘ from the design conditions, the
prediction equation becomes:
o= m
n

Apparently e is not a property of the soill characteristics
alone, for 1t is not constant in model and prototype as soil
characteristics were assumed to be, But rather e is a funo-
tion of r; that 1s, er = e, r,; or er remains constant for
any given set of soll characteristics, This result is very
important, _

Those who have worked with models might be skeptical of
the third design condition regarding constant soil character-
istics, because so often the model must be constructed of a
different mgterial than the prototype. This is particularly
true of the unit weight of the matprial which must often be n
times as heavy as the prototype. In Design Conditions I the
unit weight of the soil, | , did not appear. Rather a soil
pressure, p., which is a function of the unit weight was
useds That eliminated the use of unit weight since all pri-
mary quantities must be independent. In order to investigate

the design conditions including unit weight of the soil, it
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is 8 simple matter to replace the soil pressure, Pys by the
primary quantities which determine p,; namely, height of filil,
H, and unit weight, | , of the soil, In this analysis any
superimposed loads other than soil loads are neglected, One

possible TT =term relationship follows:

er = It _>.\.,§a EI , ey, w, ¢, 98, Tr
i) (r FonL I ‘n—)

Based on this modified 717 -term relationship, a new set of
design conditions are 1isted belowe Again the subscript m-

refers to the model,

Design Conditions II Let n be the length scale fastor, il.e.,

n:-——o

r

m

1. >\m= ‘%" Geometrical similarity must exist
Hy, = % throughout the soil model,

2e (81)._ = }_3%-_ This gives the stiffness factor re-~

n =n guired for the wall of the model
pipe.

3. (ev)m T e, These conditions indicate that all
W, =W Soll characteristics in the model
Cp = C must be the same as the corresponding
‘O’m =0 Soll characterlistics in the prototype
g,= 8 except the unit weipght.
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Prediction Equation II

Sr=fm™™ op o= %ﬁ « This is the same as
O On

Prediction Equation I.

From the first design condition above, geometrical
similarity is confirmed, From the second design condition,
(EI), = %é' is confirmed. But contrary to the findings of
Design Conditions I the soil characteristics cannot be held
constant because Design Conditlion 3 requires that the unit
welght of the soil in the model be n times the unit welght of
the soil in the prototype. This is impractical, but even if
it were accomplished 1t is doubtful that all other soll
characteristics could be held constant as required in both
model and prototype. Herein lies the major limitation to the
use of model study of a pipe-fill system, For further
analysis in this paper, Design Qonditions I will be used, but
it should be remembered that the unit weight of the soil must
be considered iIn order to establish values for Pye In order
to accurately develop py, (or T in a model in which all
soil characteristics are the same as in the prototype, 1t
would be necessary to superimpose additional gravity forces
on the soll of the model. It might be possible to place the
model in a centrifuge of hang welights on pins at different
levels of the model as was done in a model analysis of a
cantilever section of the Hoover Dam (26). Elther of these

methods shows considerable promises
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Or_as an alternative method the additional gravity
forces might be achieved for any given elevation in the soil
by merely superimposing an appropriate surface load on the
soll in the model such that Py at the level of concern is
the same as p;, at the corresponding level in the prototype.
Unfortunately Pvm at any other level in the model would not
be the same as the corresponding p, in the prototype. For
this investigation, however, it was found sufficiently accurate
to neglect the variation of me throughout the height of the
model f1ll, and to superimpose a surface load which develops
the proper pvm at the level of the top of the pipe. By way
of limits it is reasonable to suspect that the variable pvm
would cause greater inaccuracy if the plpe were very light
weight and the fill very low. This follows from the fact
that the per cent variation in Py, from the top to the bottom
of the pipe is greater for a low fill. Such reasoning
accounts for the fact that this project is limited to high
f11ls. A definition of high £111 is given in conclusions of
this dissertation.

Verifications of these design conditions and prediction
equations are given in Appendices C and D, Appendix C is a
rational demonstration of the prediction equation by simple
methods of strength of materials. Appendix D is a verifica-
tion of the design conditions using principles of elasticity.

Two important conclusions can be drawn from the
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foregoing discussion:

1. Model study appears to be a powerful method not only
for investigating e but for investigating the deflection of a
pipe directly should the economics of a particular installa-
tion justify a model study.

2. In two geometrically similar soil systems with the
same soll characteristics and soll pressures, er 1s the same.
That is

er = ey Tp . Eg. 11
This statement does not preclude the possibility that er
might vaﬁy as a function of other quantities. For example,
tests showed that er varies as a function of compactive
effort, f) s and soll type.

Physical verification of Equation 11 above was easily
accomplished and is reported in subsequent sections. Since
er rather than e 1s constant for a given set of soil
characteristics, there 1s good reason to proceed with er as
a modulus rather than e. It is proposed for the purposes of
this report that er be referred to as the modulus of soil
reaction. The use of er does not affect the Iowa Formula in
any way. As a matter of fact 1t has already been written in

terms of er in this dissertation. See Formula 1.
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V. EXPERIMENTAL PROCEDURE

A. Construction of the Model Cells

In the construction of the models, two-dimensional

" stress conditions were assumed. This assumption made‘ it
possible to basically enclose a short model section of
flexible pipe lengthwise between two rigid, frictionless,
plane boundaries. In oi-der to make those boundaries as
nearly rigid as possible heavy constmctionAwas employed.
Except for this precaution the yield of the boundaries was
ignored. Frictlion was not elimina’ted, but a method of com-
pensating for friction loss was developed. Two boundary
devices were constructed of different sizes. They are re-
ferred to as model cells. See Figures 11 and 13.

The first major problem of detail was the over-all
dimensions. The smaller model cell was so planned that it
would serve a number of purposes. One purpose was the in-
vestigation of boundaries of rélative soll displacement per=-
pendicular to the pipe axis by X-raying the soil as the load
was lncreased. Ideally, a.separate' model with geometrically
similar boundaries should be constructed for each proposed
fiéld installation, but with a very few exceptions culveft

mojects do not justify such an elaborate analysis.
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Furthermore the resistance of the foundation material to
Pressures lmparted by the fill is practically indeterminate.
A more reasohable approach is to search for any practical
boundaries of relative soil displacement due to the deflec-
tion of the plpe. The term relative here refers to the
relative displacement of the soill in the regilon around the
Pipe with respect to the displacement of the soil in the
same region Iif there were no pipe but only continuous soll
under the same loading conditions. If boundaries of relative
soill displacement could be located, a model cell might be
constructed which would at least include these boundaries.
To facilitate discussion the following nomenclature is used.
The Z-boundaries are planes perpendicular to the z-axis or
pipe axis. The X-boundaries and Y-boundaries are planes
perpendicular to the x and y axes respectively where the x-
axlis is horizontal and the y-axis is vertical. See Figure
Sa.

Z=boundaries

Since two dimensional stress conditions were assumed
the Z-boundaries could thecretically be spaced arbitrarily.
From a practical standpoint, the greater the spacing of the
Z=boundaries, the less would be the influence of wall fric-
tion and the more accessible would be the cell. On the
other hand, the capﬁcity for making well defined X-rays
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decreases with increased spacing of the Z-boundaries. A
spacing of 2.5 inch was finally accepted since it is the
minimum width within which a standard Proctor hammer can be

operated.
X-boundaries

The X-boundaries posed a more difficult problem.
Attempts to apply commonly accepted stress theories lead to
variable results. For example, if the soill were assumed to
be elastic, the X-boundaries would be at infinity. In such
a case there would be no choice but to design the boundaries
of the model geometrically similar to the prototype.
According to a popular theory of bearipg loads on soil as
described by Peck (11), spacing of the X-boundaries is calcu-
lated to be at least 2.5D for saturated, consolidated clays
and 2D to 9.5D for sand. D is the pipe diameter. See
Appendix E for computations. The great variation in the X-
boundaries for sand is a function of the internal friction
angle. The adaptation of Peck's footing theory to culverts
is not entirely unquestionable, but for lack of a more
rational concept, the results of this theory for sand are
shown in Figure S5b, where L, = the distance between X-
boundaries. Since the X-boundaries for sand vary so much, 1t
was arbitrarily decided to design the smaller model such that
the distance, Ly, was about 4D. It might then be possible to
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observe the effect if the internal friction angle, #, in-
creased so much that the boﬁndaries of relative displacement
in the soil exceeded L,. At this polnt one weakness in the
use of Peck's bearing method becomes apparent. The boundary
of relative soil displacement increases as the friction
angle increases. See Figure 5b. But the friction angle in-
creases as the density of the sand increases. As the plpe
expands laterally under aniincreasing height of £ill, the
soil adjacent to the pipe becomes denser, so the spacing of
the X-boundaries should increase. Peck's theory assumes
that the boundaries are fixed.

In the design of the model, an L, of 16 3/8 inches was
finally decided upon since the maximum size of avallable X-
ray £ilm was 1l inches x 17 inches and the outside dimensions
of the corresponding casette were 1l 7/8 inches x 17 7/8
inches. By using 3/L inch thick steel for the sides of the .
model, L, was fixed at 16 3/8 inches, i.e., 17 7/8 inches
less 13 inches for the steel sides. Culvert model sections
were cut from tin cens with an average diameter of 3 7/8
inches. The final relationship of Ly to D was then L, =
li.2D,

Y-boundaries

The 1l 7/8 inches x 17 7/8 inches X-ray casette auto-
metlically fixed the spacing of the Y-boundaries of the model
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at 1} 7/8 inches less the thickness of the steel sides or

13 5/8 inches. For most of the model studies the pipe sec-
tion was placed in the center of the model cell with £ill
soll of uniform characteristics completely surrounding it.
The resulting relative deflection of the pipe with respect to
adjacent soil was symmetrical about the horizontal dismeter
as an axis. muisthcmmwemmmmtﬁmommn’
culvert design principles, Ordinarily a bedding angle, <<,
is specified as the bearing surface for the bottom of the
pipe, while a uniform load the width of the pipe is assumed
to act on top. Accofding to the Iowa Formula, the coefficient,
K, is dependent on the bedding angle. As the bedding angle
varies from 0° to 909, the coefficient K varies from 0,110 to
0.083 according to Spangler (18, p. 29). His table of values
is given in Table 1.

Table 1. DBedding constants

Bedding angle, o<, degrees Bedding cbnstant, X
0 0.110
15 0.108
30 0.102
45 . 0.096
60 0.090

90 0.083
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The bedding problem is particularly important in connec-
tion with relatively stiff pipes. As flexible pipes deform
the bedding angle quickly approaches 90° in installations
which have been carefully backfilled. But even without care,
if the bedding angle should fall short of 90°, it is evident
from Table 1 that the corresponding values for K would nof
differ greatly. It appears that Kelley (7, p. 36L) is justi-
fied in conservatively assuming a value of K = 0.1 for
flexible pipe culverts in general. Now if the bedding angle
is 90° the pipe is actually surrounded‘bi £111 soil in field
installations, and a similar situation is justified in the

model.
Further justification for placing the model pipe in the

center of the cell follows from a description of recommended
installat ion procedures.

1. The culvert site 1s cleared of trash and plant
growth and excavated to a satisfactory sub base.

2. Selected £ill material is placed in the site and
compacted to a height at least equal to one pipe diameter above
the top of the proposed pilpe.

3. A ditch 1s excavated for placement of the pipe. A
bedding is formed, the pipe is installed, and soil 1s care-
fully compacted around the pipe to the top of>£h§vpipe.
Ioose £ill is placed in the trench to the level of the
original compacted fill.
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Lo The £ill, compacted or random, is then continued on
upe.

Since all unsatisfactory sub-base soil is removed and
replaced by selected fl1ll, the pipe is completely surrounded
by £ill soil of generally uniform characteristics. Under
such conditions the relative displacement of the pipe with
respect to surrounding soll 1s essentlally symmetrical about
the horizontal diameter as an axis. If the foundation soil
is less compressive than the fill soil this assumption of
vertical symmetry gives conservatively larger calculated de-
" flections; and if the foundation soil is more compressive
than the fill, the sub base soll would not be classified as
satisfactory. Again 1t appears Justifiable to place the
model pipe in the center of the cell.

| With a 3 7/8.inch model pipe in the center of the cell,
soil coverage in the y-direction was sbout l 3/l inches from
the top edge of the pipe to the Y-boundary of the cell. It
became apparent during tests that this boundary was not out-
side of the zone of relative soll displacement throughout the
entire range of pipe deflection. The upper limit of relative
soil displacement is simply the definition of plane of equal
settlement as used by the Marston theory (16, p. 417). Con-
sequently the Y¥-boundary spacing should be such ﬁhat'the
plane of equal settlement lies within the model cell.
Spangler (16, p. L23) published an equation for calculéting
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the soil coverage, Hy, from the top of the plipe to the plane
of equal settlement. Solutions of the equation in terms of
pipe dlameter, D, may be picked from a graph by Spangler

(16, p. 42) which is reproduced here as Figure lljc. H, 1s
the value of H at the points of intersection of the incomplete
ditch condition lines with the complete ditch condition line.
According to the range of values piotted, Hg may vary from 0
to about 8D. High values are improbable in the case of pipe
deflections of 5 per cent or less, but the large range of
values demands that the effect of Y-boundaries be checked.
This was accomplished by means of the large model on which
the boundary spacing was greater.,

The large model cell was so constructed that all linear
dimensions were twice as large as the small cell, See
Figure 13. The Z-boundaries were constructed of 2 inch x 6
inch tongue and groove fir with an 18 gage galvanized iron
liner. The fir was backed by L. inch I-beams. Channels were

used for the other boundaries.

B. Baslc Procedure for Preparing a Test

Basically the test procedure consisted of compacting
soil in a model cell, then as air préssure was applied in
increments, various measurements were made on the system.

A typical procedure is here described for the preparation of

a test on loess using the smaller model cell.
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_ The loess was sieved through a number 20 sieve to break
up clods and to eliminate all plus 20 particles including
lead shot. The model cell was placed on end as shown in
Figure 6 and a rubber boot was laid over the innertube in
the bottom of the cell. The boot had been cut from 1/16
inch gum sheet rubber to fit the inside of the cell. The
loess was then placed in the cell in layers and compacted.
Each layer weighed 970 grams (sbout one inch thick after
‘1light compaction). Before each layer was compacted itAwaa
leveled by means of a screed. Compaction was accomplished by
lowering a block of wood onto fhe soil surface and by
dropping a Standard Proctor hammer a given number of times
for a given height of fall with the blows arranged in a
pattern as shown on top of the block in Figure 7. When 12
blows per layer were required, this pattern was duplicated
in reverse for each layer. 4lso each alternate layer was
compacted by a reversed pattern of blowse On the bottom of
the block, finish nails were placed with just the heads pro-
truding out of the wood. The finish nails had been previously
ground to an approximately sphericsal shape. The impressions
of these nail heads on the soil provided seats for placement
of lead shot for the X-ray tests. The compaction blocks
shown for clay and loess were so near the dimensions of the
cell that they bound tightly against the walls of the cell

when sand was compacted. It became necessary to cut a



Figure 6. Small model cell in position for compacting
soil in place
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Figure 7. Blocks on which Standard Proctor Hammer was

: dropped for soil compaction showing the
pattern of blows on the top and the finish
nail heads for shot spacing on the bottom
of the blocks for clay and loess
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smaller block out of 1 inch hardwood to use with sand. See
Figures 6 and 7. The total weight of soil required to fill
the cell was measured, the top surface was accurately
screeded to finished height and the top bar (with innertube
attached) was securely screwed into place. At thils point
the cell was ready for control tests which did not require
placement of the flexible pipe model. Such tests included

the control X-ray test for displacement of shot in the soil.

Ce Procedure for Obtaining Load-Deflection Data

The cell, packed as described above was carefully tipped
over into the position shown in Figure 8 such that the z-axis
was vertical. In order to obtain load-deflection dats, a
model pipe section had to be installed. The top aluminum
plate was removed. The model pipe section was positioned on
the top of the soill, as shown in Figure 8, then by alternately
forcing the plpe model into the soil a fraction of an inch
and by scooping out the soll inside, the pipe model was
lowered into position as shown in Figure 9. The dial gage 1is
seen in its proper position in this same photograph. In
order to allow a floating action so that the gage might
follow the pipe model during deflection, the gage was mounted
on polished steel balls in rings as shown in the cutaway
section of Figure 10. Most of the pipe models were cut from



Figure 8. Small model cell packed with loess in position
for testing with the Z-exis vertical and with
the model flexible pipe section positlioned for
lowering into place
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Figure 9. Small model cell with model pipe section in
place and with the dial gage in proper position
for measuring pipe deflection






Figure 10, Cutaway section of model pipe in small model
cell showing dial gage mounted on polished steel
balls for following pipe displacement and
showing how the X-ray casette is raised into
position by the casette clamps
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tin cans, but to vary the_EI of the pipe models, heavier
sections were also made up from galvanized sheet iron..

Since the model flexible pipe sections all had a longitudinal
joint or seam in them, the seam was always placed at a posi-
tion of about u5° of arc from the principle dlameters of the
deflected model pipe. This position is approximately the
point of counterflexure of the pipe wall, so the variation of
Pipe ﬁall stiffness at the seam should have a minimum in-
fluence at this position.

With the model plpe and dial gage in place the top
aluminum plate was securely replaced, the observation hole
was unplugged, and the cell was ready for applying pressure.
Pressure was provided by a bottle of oxygen connected through
appropriate tubing as shown in Figure 11. The pressure con-
trol on the bottle made 1t possible to hold a given pressure
in the innertube regardless of any leakage. AS increments
of pressure were applied, the dlal gage was read through the
observation hole. Pressure increments were usually 5 pe.s.i.
and the time rate at which these readings were taken was held
as nearly constant as could be estimated. This was done to
reduce the effect of a slight time lag in the dial gage

reading after esach pressure increment was applied.



Figure 1ll. Load-deflection test in process on the
small model
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Figure 12. Small model cell assembled and ready for
attaching the air pressure leads for
measuring reaction pressure at the center
of the cell
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Figure 13. Large model cell and model pipe section so
designed that all linear dimensions in the
confined soil are twice as great as in the
small model
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D. Procedure for Making X-ray Photographs

When the cell was prepared for x-ray testing it was
prepared just as described above except that the dial gage
was omitted. Instead a row of shot was taped around the
inside perimeter of the pipe section to insure that the de-
formatlion of the plpe might be carefully defined on the film,
Lead shot was also placed at about 1 inch intervsals on a
grid throughout the soil, The X-ray casette could be drawn
up under the cell by means of the casette clamps as shown in
Figure 10. A separate X-ray was made after each increment of
pressure. By superimposing the X-ray photographs the soil

displacement could be discerned by means of the shot pattern.

E. Procedure for Detefmining Net Soil Pressures

at. Various Positions in the Cell

One series of tests called for a determination of soil
pressure at various points in the cell when a glven pressure
was applied in the innertubes. This was accomplished by com=-
pacting soll in place with the c¢ell on its end just as
described under Baslc Procedure for Preparing a Test, but the
soil level was ralsed only to a given point in the cell. The
top bar (with innertube attached) was then lowered into posi-
tion just over the top of the soil but with sufficient

clearance to allow some inflation of the innertube. The top
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bar was then held in place with blocks and sbout 1.8 p.s.i.
pressure was introduced to hold the soil in place while the
cell was lowered from its end to the position shown in
Figure 12. Pressure increments were applied through the
other innertube. These pressures were called the load

- pressures. The resulting pressures on the innertube within
the cell were measured and designated as reaction pressures.
This test made it possible to determine how much of the

load pressure actually reached various points in the cell.
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VI. RESULTS OF INVESTIGATION
A, Influence of Height of Fill on Modulus of Soil Reaction

The Influence of height of fill on the modulus of soil-
reaction, er, is the first result available from any given
load-deflection test. As described on page 40, e cannot be
conveniently determined from its definition since it 1s
difficult to measure the quantities involved. A better
approach 1s to resolve the Iowa Formula in terms of er and
then by means of a model to measure the necessary quantities
for the evaluation of er. Of course er for the model is the
same as ér for the prototype. This method of evaluatioﬁ has
the édvantage that er is correct for use in the Iowa Formula
to predict deflectiqn.

The Iowa Formula is rewritten here for convenience:

K We r3

Ax =
EI + 0.061(er)r>

Resolving this equation for er,

or = 1.36 —C 16.1 = E
) Ax ° r3 q.lz

where K is assumed to be 0,083. At this point it is proposed
to rewrite Equation 12 in a form involving helght of fill, H,
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and then to compare it with the results of actual model tests
in order to determine the influence of H on er. The second
term on the right is a constant for any given pipe and repre-
sents the effect of plpe stiffness on the modulus of soil re-
action. It is considered in detaill under "Influence of Pipe
Well Stiffness on the Modulus of Soil Reaction".

The first term on the right is a constant times g%; o

X can be measured in the model pipe, but Wb must be re-

written in terms of the helght of £ill which is related by a
constant coefficlent to the load pressure in the model cell.
The load pressure is simply the alr pressure in the inner-
tubes minus a smali correction pressure for tare inflation
of the innertubes. W, may be evaluated according to Equation
2 which 1s rewritten here.

Wy = C T D? Eqe 2
vhere W, is the load on the pipe per unit length; D 1s the
diameter of the pipe; 7T is the unit weight of soil; and C is
a coefficient dependent on the internsl friction angle of
soil, culﬁert condition (complete or incomplete, ditch or
projection), the ratio- %', where H is height of fill, and
settlement and projection ratios. Spangler (16, ppe L2l,
126) has plotted values of C as a function of % for various
culvert conditions. See the reproduction of Spangler*s plots

on Figure 1. (He has demonstrated that the internal friction
angle of soll has a negligible effect on C for practical
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purposes.) His plots indicate a straight line variation be-
tween % and C, but it should be pointed out that they do not
all pass through the origin and that only for a settlement
ratio and/or projection ratio equal to zero does the plot ex~
tend down to the origin. Since this investigation is limited
to high fills, there 1s no concern about the lower portion of
the plots, and an equation for C may be written as follows:

- H
C-—Cl-ﬁ-i-cz. Eq. 13

In the case of high fills C, can be set equal to zero as the
following argument justifies.

Since culverts, unlike most pipes, are not designed to
withstand high internal pressure, they can be relatively
flexible. Generally the magnitude of decrease in vertical
diameter 1s comparable to the vertical compression of the
adjacent soil of equal helght. The stiffness of the pipe and
compressiblility of the soil determine whether the pipe
decreases in height more than or less than the adjacent soil,
but for an economically designed flexible pipe it is very
improbable that decrease in vertical diameter is less than
the decrease in height of the adjacent soil. Such a condi-
tion is shown in Figure 15a and is defined by Marston (8) as
fhe incomplete ditch condition. A possible exception to the
incomplete ditch condition would occur if the =oll were
pleced around the culvert in such a loose state that the

vertical compression of the soil adjacent to the pipe exceeded
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5 per cent. Of course, 5 per cent decrease in vertical (or 5
per cent increase in horizontal) diameter of the pipe is con-
sidered design limit. In this case the pipe would need to be
stiff enough to keep deflection within 5 per cent. Such a re-
lationship between pipe and soil is defined by Marston as the
incomplete projection condition. See Figure 15b., For rigid

- plpe such as concrete or cast iron the incomplete projection
condition is important,wﬁutuit may be. ignored in essentially
all flexible pipe considerations as it is more economical to
compact the fill sufficiently to reduce compression below §
per cent. Spangler's plots of C as a function of % for ditch
condition of conduifs are based on the product of projection
ratio and settlement ratioc. He defines projection ratio, p,
as the ratio between the vertical distance from the top of
the pipe to the natural ground surface and the diameter of
the pipe (16 pp. 418, L425). The next paragraph arrives at a
reasonable value for p.

It was demonstrated on page 57 that for flexible cul-
verts under high fills it is conservatively acceptable to
assume that relative deflection of pipe with respect to soil
is symmetrical about the horizontal diameter of the pipe.
With this assumption of vertical symmetry, the equivalent
natural ground surface is at the level of the horizontal pipe
diameter. The projection ratio, p, is then 0.5. |

Settlement ratio, rsa? is defined as the ratio of the
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difference in settlement between the top of the pipe and the
adjacent soll which was originally at the level of the top of
the pipe and the vertical compression of an adjacent column
of soll of height initially equal to the pipe dismeter. For
an economical, flexible pipe the settlement ratio will be
very small and i1t will be negative; since the top of the pipe
settles slightly more than the adjacent soil at the same level.
Typical values for rgq are calculated from the X-ray photo-
graphs. From measurements made on the X-ray photograph of a
model pipe of 0,011l inch thick steel in loess the settlement
ratio is -0.6 at 80 psi. innertube pressure. See Figures 3k
and 36 for vertical deflection of pipe and compression of
vsoil respectively. For a heavier model pipe of 0.019 inch
steel, the settlement ratio was found to be about -0.l at 80
psi. For a model pipe of 0.03l4 inch steel the settlement
ratio was about ~0.ls As the stiffness of the model pipe
continued to increase, the settlement ratio would become
positive and the incomplete projection condition would ob-
tain. The lightest model pipe exceeded 5 per éent deflection
at an equivalent height of f£ill of about 16 feet which might
be considered nesr the lower limit for flexible pipe culverts
under high f£ills, so the maximum numerical value for rggq
might be reasonably set at =0.6.

The resulting product of projection ratio and settlement

retio 1is
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rggP = ~0.3.

Now for this particular value, Spanglerts plot of C versus -]H)-

intersects the C axis at G, = 0.2. The equation for C becomes
C = 0.690 & + 0.2,

For high fills the constant, 02 = 0.2, can be ignored without
affecting the accuracy commonly accepted in culvert design.
Even if Spanglert!s plot for r.qP = -1.0 were assumed, the
equation for C becomes

C = 0.463 %- 0.5.

Under this improbable situation, if the height of fill were
10 diameters, the errbr incurred by ignoring 02 = -0.5 is
only sbout 1l per cent. So for all practicability, Equation
13 may be written in the form:

0=¢6 %

and therefore, W, = Gl’r H D where C, is a constant for a

1
given pipe-fill system. Substituting the above relationship
in Equat‘ioh 12 the modulus of soil reaction as a function of
height of f£ill according to Spanglerts theory becomes:

C; T HD EI
- 131.2 E . Eq. l’-‘-

er = 1036

AXx

It is more convenient to compare this thedretical relation-
~ship with the experimental test results if Equation 1 is

rewritten in terms of H as a function of A X, 1.8,
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(er + 131,2 = )
H = ) * B. .

A x. Eq. 15

An equivalent empirical relationship may be developed
from the experimental load-deflection diagrams. See Figures
16 to 18. 1In these diagrams the ordinate, P, is the inner-
tube pressui'e and the abscissa, A x, is the increase in
horizontal diameter of the model pipe section, Since P is a
pressure rather than a helight of f£ill as called for in
Equation 15, it is necessary to convert P to H by means of
the relationship TP = HT, where T 1s the combined unit
weight of the soll and the coefficient, T, is a load trans-
mission ratio which is constant for a given pipe-fill model
systems It is discussed and evaluated under "Effect of Fric-
tion of the Cell Walls on the Vertical Soil Pressure.”
Actually there should be another correction term inelﬁded in
the conversion of P to He Figures 22, 23, and 2l show a
tendency for all load-deflection diagrams to converge at a
value of P of about 5 psi. or a little more. This correction
represents the tare pressure necessary to inflate the inner-
tube and should be subtracted from P when converting to H.
Since this correction represents only 1 to 2 feet of average
earth £ill it could be neglected, but in the calculations of
this section it 1s subtracted from P. »

A cursory inspection of all load-deflection diagrams re-
veals that after initial soil adjustments have taken place
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the diagrams are essentially linear up to a horizontal deflec-
tion of about 0.27 inch or 7 per cent increase in horizontal
diemeter. Above 7 per cent the slopes tend to change. This
may be due in part to the fact that the horizontal diameter

is aspproaching its maximum.

It is interesting to note that the model pipe sections
generally collapsed between 9 per cent and 13 per cent hori-
zontal deflection. It is suspected that these values may be
slightly lower than in field installations since the load
pressure was not always applled outside of the plane of
equal settlement. Fortunately the design limits Qf 5 per cent
make it unnecesssry in this project to consider the load-
‘deflection diagrams beyond the first linear portions.

An empirical equation for the linear portion of the
plots would be

P=SAx+ P, Eq. 16
where S 1s the slope and P, is the P-intercept. S and P,
are constants for any given pipe-fill system. Converting P

to H, BEquation 16 becomes

TS TPy
H—-,TAX""'TQ EQ.’17

Now if theoretical Equation 15 is to apply to experimental
Equation 17 the coefficients of A x must be equal, or
(er + 131.2 % )

i - -T—S- * qu 18
1,36 G; T D T
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This equation establishes the condition that er must be a
constant for a given pipe-fill system since all other quanti-
ties are constant. In other words er is independent of
height of fill. This result is significant.

A visual check is found on the superimposed X-ray data
of Figures 35 and 3l4t. At the soil-innertube interface the
soll displacement follows closely the typical compression
diagram for soils (23, p. 218) wherein the settlement varies
linearly as the logarithm of the load pressure. It must be
noted, however, that these figures do not show the same
variation in soil displacement adjacent to the pipe. Rather
the ratio of load to displacement sppears constant. This
remarkable relationship confirms the conclusions that er is
independent of height of f£ill, H.

Now to complete the application of theoretical Equation
15 to experimental Equation 17, P, must be zero. Unfortunately
the load-deflection diagrams show that this 1s not the case.
For the great majorlty of installations, however, it may be
acceptable to assume that Hbo 1s zero. Such an assumption
is not without justification as described in the following
paragraphs.

In the case of low degree of compaction the value of P,

is negative. See Figures 22 to 2l inclusive. Neglect of P,

in such a case would result in a calculated deflection less

than the actual deflection for a given height of fill so the
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error 1s on the unsafe side. In view of this fact it would
seem advisable to reject as unsatisfactory any installation
in which the degree of compaction is so low. As the degree
of compaction increéses the intercept, P,, becomes positive
so its neglect would lead to conservative results; that is,
the actual deflection would be less than the predicted deflec-
tion. The amount of the error involved varies according to
the per cent deflection allowed in the design of the pipe.
If 5 per cent deflection of the pipe is allowable, and if
compaction 1s specified to be greater than that shown at the
point designated as critical compaction, tests on Saint Peter
sand show that about a 3 per cent error is involved. See
Figures 19 and 20. Clearly such an error on the conservative
side could be disregarded.

The error of neglecting Po is greater in the case of
loess and clay. See Figure 21. This figure shows the
actual per cent error if a pipe deflection of 5 per cent is
assumed for both clay and loess as compared with sand. Com-
paction is unsatisfactory if P, is negative, so this con-
sideration will start with the point designated as critical
compaction. If critical compaction 1s specified there is no
error in neglecting P, Indeed as pointed out later, there
is no Py at critical voild ratio. See "Influence of Compac-
tion on the Modulus of Soil Reaction". As the compaction 1s

increased above critical compaction, thearor of neglecting



/s

F R

Percent Error of Fredicted Height of
Fril Neglected

Figure 19.

92

20

3 \‘\\ N I |

3 ' \ 12— 12 inch blows/ layer

: ” AV &6 inch blows/ layer —]
§ 3f3 inch blows/ layer

Q 10 !
) , &

b - — —

; v Crytical Compaction

Y —No Compoction S
- /

g :
L/

o ! 2 3 + S

Fercent Deflection
( Fer cent Increase in Hor/zontal Diameter)

Por cent error of predicted height of fill at
various deflections of flexible pipe in whlte
silica sand (Saint Peter Formation) if P, is
neglected (based on data from Figure 22)



“
N 20
~
<
D s
/0
5

Q

i
~
Q

Percent Error of Fredicted He
| .
G

Fill if R /s Neglected
{
(€]

)
S
()

93

=1 % Deflection

~2 % Deflection

- .
/ ~— 3% Deflection

L ~—4 % Deflection
- 5% Deflection

Critical Cpmpaction

—<

3 . € 9 12
Degree of Compaction

(Wunber OF blows per layer and height
of fall /n inches )

Figure 20.

Per cent error of predicted height of fill at
various deflections of flexible pipe in white
silica sand (Saint Peter Formation) as a func-
tion of degree of compaction if Po is neglected



9L

20 /

bt of Fill

Percent Error of Fredicted /Heys

AN
X

N

)}
R

< Sand

~—t > Conservotive

X

/s Neglected

Un.'mfe
3
\\
\

If R
~
G
\
e —

- 20 -
z 3 6 . 9 i2

Degree of Compaction

(Number of blows per layer ond
height of fall in inckes.)

Figure 21. Per cent error of predicted height of fill a%
5 per cent deflection of flexible pipe in
various soil types if P, is neglected (see

Appendix F for soil identification)



95

_Po’ although conservative, becomes rather large. Note, for
example, that for loess compacted at twelve 1l2-inch blows
per lsyer the error is about 2l per cent. On major projects
it may prove economical to carefully control the compaction
and take advantage of the 2l per cent which is otherwise
loste.

One other argument may be presented in favor of
neglecting Po. The exact value of the intercept appears to
be somewhat sensitive. For instance three plots of load=-
deflection tests under supposedly identical circumstances are
shown in Figure 27. Test 1 was performed at an earlier date
than the other two. Though the stralght-line portions of the
plots are nearly parallel, Test 1 18 vertically displaced
from the other two by about P, = 18 psi. There is indication
that the initial conditions of soil-pipe bearing are dif-
ferent in the case of the one. Such differences will very
likely show up in actual field installations as well. For
example if equipment is moved over the pipe while the fill is
very little higher than the top of the pipe, an initial
bearing condition might be developed between the pipe and the
£i1l1 which would cause a deviation in the intercept of the
load-deflection diagram. Conservative design methods would
certalnly safeguard against such & possibility by neglecting
the intercept correction. Nevertheless, if sufficient control

of the installation were possible, economy may require that
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the intercept correction, P., be included in the design.

o
Under these circumstances Spangler's deflection formuls
would need modification by a small-additive constant. A
proposed modification is found under "Modification of the
Spengler Theory". It should be reemphasized that the need to

consider P, would occur very rarely.

B. Influence of Compaction on the Modulus of Soil Reaction

Figures 22, 23, and 24, for sand, loess, and clay
respectively show how the load-deflection curves vary if all
conditions are identical except degree of compaction of the
soll. 1In every case there appears to be a very definite in-
crease in the slope, S, and also an increase in the P-
intercept, Po, as the degree of compaction increasese.

The increased slope 1s easily accounted for since it is
based on pipe deflection, Ax, which 1In turn is a function of
the friction angle of the soll inasmuch as friction angle is
a measure of the resistance of the soil to relative shear
displacement. The friction angle 1s determined to a large
degree by the density or degree of compaction of the soill.

Less obvious 1is the effect of compaction on Po. For
low compaction it mey be seen that P, is negative. As com-
paction increases, Po increases into the positive range.
Evidently the phenomenon is related to the crit;cal void

ratio phenomenon. Vold ratio is defined as the volume of
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_Po’ although conservative, becomes rather large. Note, for
example, that for loess compacted at twelve l2-inch blows
per lsyer the error is about 2l per cent. On major projects
it may prove economical to carefully control the compaction
and take advantage of the 24 per cent which is otherwise
lost,

One other argument may be presented in favor of
neglecting PO. The exact value of the intercept appears to
be somewhat sensitive. For instance three plots of load-
deflection tests under supposedly identical circumstances are
shown in Figure 27. Test 1 was performed at an earlier date
than the other two. Though the straight-line portions of the
plots are nearly parallel, Test 1 is vertically displaced
from the other two by about P, = 18 psi. There 1s indication
that the initial conditions of soil-pipe bearing are dif-
ferent in the case of the one. Such differences will very
likely show up in actual field installations as well. For
example if equipment is moved over the pipe while the fill is
very little higher than the top of the pipe, an initial
bearing condition might be developed between the pipe and the
111 which would cause a deviation in the intercept of the
load-deflection diagram. Conservative design methods would
coertainly safeguard against such a possibility by neglecting
the intercept correction. Nevertheless, if sufficient control

of the installation were possible, economy may require that
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the intergept correction, Po, be included in the design,
Under these circumstances Spangler!s deflection formula
would need modification by a small'additive constante A
proposed modification is found under "Modification of the
Spangler Theory". It should be reemphasized that the need to

consider P, would occur very rarely.

B. Influence of Compaction on the Modulus of Soil Reaction

Figures 22, 23, and 2, for sand, loess, and clay
respectively show how the load-deflection curves vary if all
conditions are identical except degree of compaction of the
soll. In every case there appears to be a very definite in-
crease In the slope, S, and also an increase in the P=-
intercept, Po, as the degree of compaction increases.

The increased slope is easily accounted for since 1t is
based on pipe deflection, Ax, which In turn is a function of
the friction angle of the soil inasmuch as friction angle is
a measure of the resistance of the soll to relative shear
displacement. The friction angle is determined to a large
degree by the density or degree of compaction of the soll.

Less obvious is the effect of compaction on Po' For
low compaction it may be seen that P° is negative. As com-
paction increases, Pg increases into the positive range.
Evidently the phenomenon is related to the crit;cal void

ratio phenomenon. Void ratio is defined as the volume of
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voids divided by the volume of the solids and is a measure
of s0il density. It is well recognized that if soil
(particularly sand) is placed in a shearing device in a very
loose state (or high void ratio), the volume tends to de-
crease as shearling proceeds. On the other hand if the soil
is placed in a dense state (or low void ratio), the volume
tends to increase as shearing proceeds (3, p. 118). Now if
the volume is held constant during the shearing process, the
load required to cause shear rises markedly for soil in a
dense state whereas the load is slow to rise if the soil 1is
loose. It follows that there exists a definite void ratio

at which there is nelther increase nor decrease in volume
during shear. Such a vold ratio 1s defined as critical void
ratio. This phenomenon explains the curved lower portions of
the load-deflection diasgrams. In the pipe-fill system the
soil within the boundaries of relative soil displacement may
be considered confined so that volume increase is strongly
resisteds Under these conditions if the soil 1s dense the
shearing loads (load pressures, P) rise rapidly at first with
respect to deformation. As the loads increase the resistance
to shear 1is overcome and at the same time some volume adjust-
ment occurs so that a critical void ratio 1s reached and the
load-deflection diagram continues as a straight line. See
the load-deflection diagrams for six 6-inch blows per layer
and tﬁelve 12-inch blows per layer for sand in Figure 22, The
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plot for three 3-inch blows per layer is more nearly straight
throughout its entire length. ‘Apparently the void ratio at
three 3-inch blows per layer is close to a state of critical
compaction. There is no doubt but what the plot for uncom=-
pacted sand is below this critical compaction since the
straight line portion intersects the P axis at a negative
value. It is interesting that the initial portion of the
curve extends much further to the right than do any of the
other curves for sand. This is reasonable since the soil
within the zone of relative soil displacement decreases in
void ratio (volume). Adjustment of the confining soil is not
forced as in the case of dense sand, which increases in
volume, so the resistance to shear increases very slowly
until the vertical compression generally reduces the density
of the confining soil to the same value as the soll which is
being sheared. Thereafter the load-deflection plot contlnues
as a stralght line,

The term critical compaction is used instead of critical
vold ratio in the above explanation because there are many
dif ferent conditions under which critical void ratio may be
defined (21, p. 354=359). In the case of the pipe-fill
system the continually varying relationship of loads and void
ratios makes it Impossible at present to say which of the
existing definitions might apply. It would sappear that

additional work is necessary either to relate the critical
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compaction for the pipe-fill system to an existing definition
of void ratio, or to develop a new definition and new methods
for evaluating the critical compaction. In this report con-
fusion can be prevented if the term critical compaction is
used to define the state of compaction at which the load-
deflection plot has no initial curved portion and no P~
intercept. The void ratios at no volume change (straight
line portion) in other load-deflection diagrams can then be
defined as eritical void ratios. They are based on different
conditions of soll pressure as evidenced by the fact that the
slopes sre all different.

Thus far it has been shown how the degree of compaction
influences the load-deflection diagrams both by varying the
slope and the P=-intercept. Equation 18 shows that of these
two the slope 1is the major factor affecting er., The P-
intercept can affect er only indirectly and to the extent to
which it alters C; in Equation 18.

It 1s not within the scope of this project to describe
the extent to which compaction influences er. More than
likely subsequent investigations will show that voild ratio
rather than degree of compaction is a better criterion. A
rather extensive program for testing would be necessary to
adequately describe the influence of compaction. Shorter
methods do not appear forthcoming. No new principles nor

equipment would be needed in such a program, however.
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Ce Influence of Plpe Wall Stiffness on the Modulus of Soil

Reaction

The influence of pipe wall stiffness, EI, on the modulus
of soil reaction may be investigated by'using‘Equation 18 as
a starting point. Resolving for er, Equation 18 becomes

er = 1.36 C; DT S - 131.2 %% . Eq. 19

A series of load-deflection tests were run under identical
conditions except for EI which was varied as shown in Figires
25 and 26. For tests on Saint Peter sand D = 3.875 inch,

T = 0,18, See "Effect of the Cell Walls on the Modulus of
Soil Reaction ", Values for S, the average slope of the
load-deflection diagrem, vary with EI as shown in Figure 25
and Table 2. Since C; can theoretically vary from about 0.7
to 1,0 two solutions of er in terms of EI are shown in Table
2o Column 6 is based on the assumption that C; = 1 and
Column 7 is based on the assumption that C; = 0.7 Both
Columns 6 and 7 show that for sand the effect of pipe wall
stiffness on er is negligible within the accuracy of measure-
ments involved. Some guestion still remains as to which
value of Cy to use. Indeed a value of C; = 0.65 appears to
glve the most consistent value of er. Within the accuracy of
measured quantities all values of Cl consldered in Table 2
substantiate the independence of er from EI, but they all

give different values of er. There 1s some justification for
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Table 2. Determination of er as a function of pipe stiffness for sand compacted

by six 6«inch blows per layer

18 2b 3¢ }c,dse,f  gb,e 6ds8 7458 gds8
t EI S 1,36 C;DTS 130 Ei er or or
(C]_ 2 1) (c]_ 81) (Cl a 007) (Cl 2 0.65)
(inch) (1lbein,) (1beine=2) (1beine=2) (1b.ine=2) (1lbeins %)  (1bein.=?)
0,011 3,22 2520 2390 10 2380 1780 1550
0s019 1646 2600 21460 10 2420 1810 1560
0,029 59 2725 2580 130 21150 1810 1550

8% = pipe wall thickness
bp1 a pipe wall stiffness factor per unlt length
63 = slope of load-deflection dlagram

dcl = constant

®D = pipe diameter R 3 7/8 inches
fp = 0,18 (See "Model Boundary Effects")

8op 2 modulus of soil reaction

S0T
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accepting the assumption that Cy be unity. In the first
place it can be forgotten. In the second place since sand
placed with any compaction whatsoever is relatively incom-
pressible as compared with other soils, the amount of
settlement at any level below the plane of equal settlement
should be about the same at all points including points
above the pipe. If this is true the settlement ratio
approaches zero and Cl = l. As a matter of fact most design
of flexible pipe at the present is based on the simplifying
assumption that C; = 1. For example, Kelley (7, p. 365)
assumes that the load on a flexible pipe culvért is »

W, = T DH.
then compared with Marston's load theory that

W, = ¢ T D?, Eq. 2
it is evident that C must be equal to % « But according to

Figure 1, C cen only equal % if G, = 1. It would be con-
venient if Cy couid be set at unity for all soils and er de-
fined according to Equation 19 with cl = 1. Unfortunately an
investigation of loess showed that C; cannot be set at unity.
Figure 26 shows three load-deflection diagrams for loess
compacted at three 3-inch blows per layer. This is close to
critical compaction for loess. Again Equation 19 1s used to
evaluate er with results as indicated in Table 3. In this
case, however, the assumption that C; = unity does not give

consistent values for er. See Column 6. Rather, consistent



Table 3. Determination of er as a function of pipe stiffness for loess compacted

by three 3=-inch blows per layer

18 ob 30 }Csdsesf gb,e 6d,g 7458
t EI S 1.36 C, DTS 130 E% er er
(¢, = 1) (cp 1) (6 = 3.2)
(inch) (1bein,) (1beine=2) (1b.in.=2) (1be ine=2) (1beine=2)
0,011 3,22 232 2Ly 7 235 776
0,019 16.6 22 255 37 218 779
0,029 59 270 286 132 15k 779

8 = pipe wall thickness
b

03 = slope of load-deflection diagram
dcl = constant

€D 2 pipe diameter = 3 7/8 inches

fp = 0,20 (See "Model Boundary Effects)

or = modulus of soil reaction

EI = pipe wall stiffness factor per unit length

goT
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values for er are produced only when C1 = 3.2 as indicated
in Columm 7. If C, can be assigned such a value, then er 1is
independent of EIv Just as for sand. There is little doubt
that two or more load-deflectlon tests are necessary if
values of C3 are to be determined for any given soil at a
given degree of compaction.

The results of the present investigation of C; show
method only. They are not numericsally accurate. For examble,
the slopes of the load-deflection diagrams are based on only
one test for each. Figures 27, 28, and 29 show that for sand
there is a spread of values if more than one test is carried
out under supposedly identical circumstancese. The duplicate
tests represented,in Figure 28 show excellent agreement, but
the triplicate tests of Figures 27 and 29 show some dis-
crepancye. The second and third tests in both figures were
performed at later dates at which time molsture contents and
testing techniques might have varied slightly as indicated by
the weight of sand in each case. The first test in each
figure was replotted from the sequence of tests in Figure 25.
Actuglly the discrepancies between the second and third tests
in Figures 27 and 29 represent more nearly the average dis-
crepéncies in load-deflection diagrams for duplicate tests on
sand, Duplicate tests on loess generally showed even less
discrepancy. One who has tested the mechanical propertles of

soil will recognize that such replicability of tests results
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in soils is remarkably good. Scattering of points on any
individual load-deflection diagram is much less than would be
expected and suggests that even better replicability could be
realized if the technigues of compaction and pipe placement
were refined. The basic purpose of any such refinement would
be to evaluate C;. Table 2 shows, for example, that Gy is
0.65 for sand based on the sequence of tests of Figure 25,
but using some other combination of slopes from Figures 27,
28, and 29, the value for c1 would be enuirely different.

In the case of sand, however, further refinement of tech-
niques could scarcely be justified since the assumption that
Cq = 1 leads to sufficiently consistent values for er. In
the case of loess and clay, refinement of techniques may be
justified since C; must be evaluated.

The important conclusion from this discussion is that er
is essentially independent of EI provided that an appropriate
value for Gl is established. As emphasized before, this
statement must preclude the incomplete projection condition
under which the pipe may be so stiff as to affect er. C;
appears t0 be a function of soil characteristics only, and
may be evaluated by series of carefully controlled load-

deflection testse.
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D. Model Boundary Effects

1. Effect of friction of the cell walls on the vertical

soll pressure

The load pressure in the innertubes was not the same as
the vertical soil pressure at the level of the top of the
pipe. As a matter of fact most of the load pressure was
lost through friction against the walls of the model cells.
Values of the vertical reaction pressure at various points
in the soil of the small cell as a function of load pressure,
P, are shown in Figures 30, 31, and 32. In every case the
relationship between reaction pressure and load pressure is
linear, The slope of the line is called the transmissiop
ratio and is designated by T. This linearity immediately
eliminates any possibility that friction in the model cells
caused the curved portions of the load-deflection diagrams.
From the tests on loess, variation of transmission ratio, T,
with respect to height of the soil cover, z, was plotted as
shown on Figure 33. It is evident from this diagram that
the transmission ratio at the top of a 3 7/8 inch diameter
pipe at the center of the small model cell is T = 0.20. For
sand the transmission ratio is slightly less, due, no doubt,
to a higher friction angle of the sand against the walls of

the model cell. By a simple proportion, a value of T for
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sand at the same location would be T = 0.18.

2. ZEffect of the cell walls on the modulus of soil reaction

A series of X-ray tests were conducted on loess in
order that boundaries of relative soil displacement might be
locateds Figures 3l =and 35 were made up from two sets of X-
ray photographs on loess compacted by three 3-inch blows per
one inch layer. Each X-ray photograph of each set was made
at a different load pressure (innertube pressure). The
circled points represent the average positions of lead shot
at the load pressure indicated. The locstion of the shot on
each X-ray photograph of a set were superimposed on tracing
cloth. To average the shot positions the tracing cloth was
folded on the vertical pipe axis and mean positions of the
shot were plotted, then the tracing cloth was folded on the
horizontal pipe axis and the mean of the mean positions were
plotted. Figures 3l and 35 are tracings of the results.

Pigure 36 is a similar plot for a control case in which
no pipe section was embedded. By subtracting the displace-
ments of Figure 36 from the displacements of Figure 35 the
relative soil displacement could be plotted. Such a plot 1is
shown in Figure 37 where the rectilinear grid system repre-
sents the initial position of the soil before any load pres-
sure is applied. As load pressures of 80 psi, and 160 psi.

are consecutively applied the relative soill displacement 1s
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as shown by the two curvilinear grid systems. Where only
one curvilinear line is shown, it is for the 160 psi, pres-
sure only.

From Figure 37 it may be reasoned that the Y~boundaries
of relative vertical soil displacement (planes of squal
settlement) are probably within the model cell walls for
low load pressures, but that they increase and exceed the
model cell boundaries at high pressures. From this informa-
tion alone it would be difficult to arrive at any exact lo-
cation of the plane of equal settlement for any given
pressure.

X-boundaries of relative horizontal soil displacement
are probably at or outside of the model cell walls. The mag-
nitude of relative displacement from the side of the pipe
to the wall of the cell is inversely proportional to the
distence from fhe pipe. This essentially is true: for
pressures of both 80 psi. and 160 psi. Evidently there is
not so much displacement of the X-boundaries of relative soil
displacement with respect to preésure as there is displace-
ment of the plane of equal settlement.

Of special interest in Figure 37 is the boundary of the
ganéralized shear regilon. It 1s shown dotted. After each
test on loess the soll to the left of the dotted line, K was
comparatively soft while the soil to the right was very hard.
If the cell was tipped so that the soil fell out, it would
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tend to fracture along the dotted line, The dotted line was
actually plotted from an average of two such fractures in
loess, Figure 38 is a photograph of such a failure plane,
The photograph does not do credit to the well defined position
of the shear plane since some slipping occurred as the
aluminum.plate.was removed for the pilcture. Referring again
to the dotted shear boundary on Figure 37, the loose soil to
the left was probably not any denser than for initial com-
paction conditions of three 3-inch blows per layer. The
denslity could even have been less since the region was in a
state of general shear and since compaction of three 3-inch
blows per layer was Slightly above critical compaction, It
is reasonable to believe that if the dotted line could be
traced on out 1t would merge with the plane of equal settle-
ment. Of course it would be difficult to trace on out since
relative soil displacements become smaller the further they
are from the pipe,

The X-ray photographs did not provide numerical results
so two additional approaches were used to evaluate the effect
of cell boundaries on er. Tests were conducted on the large
model cell using the 3 7/8 inch pipe section of the small
cell, See Figure 39, In this case there was little doubt
that the plane of equal settlement was within the cell, and
even the largest possible X~boundary spacing, according to
Peck!s bearing theory, was met., See Appendix E. The slope



Figure 38. Typical shear failure plane in loess



127




128

/160

; T T T T
| l |
150 i I ]'
|
140 |————+ L arge model/ cell :
Compaction :
orne
130 Frpe : .
dromefer 33 . ‘
120 werll Fhickrness 0.0l in. ,
|
~ 1/0
1
X /00
]
~ 90
a 80
Y
3
o 77
0
Y
i 60
g S50
J
L 40
N
S 30
20 v
10 - /
o
) 0.02 0.04 Q.06 0.08 O.10

Increase Jn [Horrzontal Frpe Liameter , AX. (irch)

Figure 39. Load-deflection diagram for white silica sand
(Saint Peter Formation) in large model cell
using small pipe model



129

of the load-deflection diagram of Figure 39 is about 1600,
With the same pipe section, tested under identical conditions
in the smaller model cell, the slope is about 1200, See Figure
22 Applying Equation 19 and disregarding the negligible in-
fluence of the pipe wall stiffness, er would appear to be onew=
third larger in the large model, This difference can only be
_due to cell wall influence, If the large cell model includes
boundaries of relative soil displacement, then for uncompacted
Saint Peter sand in field installatlions, er is 1,33 times the
value determined by the small model cell,

The second attempt to evaluate the effect of model cell
boundarles on er was carried out by applying the vertical
load pressure through rigié plates rather than innertubes,
In this case the small modei cell was used and loess was
compacted at three 3-inch blows per layere. The use of rigid
plates insured that the plane of equal settlement remained
within the model cell. No ﬁllowance was made for the X=-
boundary effect, Figure 4O shows a load=deflection diagram
for the test using rigld plates, er for the linear portion
up to about 5.7 per cent deflection is 1055 1be in.~2 if Cq
is taken as 3.2. The other curve on Figure 40 is for a tesat
under identical conditions but using the innertubes for
epplying the load. er for this curve is 771 lbe in." %,
Interestingly enough the ratlo of erts for the two cases is
1.37. This is very close to the 1,33 evaluated by using the

large model cell to determine boundary effects, It is
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possible, then, that the X-boundaries of the small model cell
are adequately spaced at Ly & l.2D but that the Y-boundaries
(or planes of equal settlement) should be spaced further
aparte This presumption could only hold if the boundary
effects are the same on both sand and loess.

There 1s some indication from the agreement between re-
sults that either the large model cell with the small pipe
or the small model cell with the rigid plate locading might
adequately simulate field conditions.

An inspection of Figure 40 reveals strong evidence that
X?boundary effect may dhange at about 7O psi, load pressure,
Lbove this point in both dilagrams the curve takes on a dif-
ferent slops. Thls condition did not show up on the large
model cell, However, on many tests on loess on the small
model a rather definite break appeared in the load-deflection
dlagrams above 7 per cent deflection, More work should be
done in this range of deflections.

S8ince the object of this project was the investigation
of' characteristies rather than the numerical evaluation of
er, the slope of Figure 39 is not so important as the fact
that 1t has the same general configuration as do the
diagrams of Figure 22,

3. Effect of the model pipe on the modulus of soil resction

Principles of similitude establish the fact that the
shape of the plpe cross section should be the same for model



132

and prototype for a given pipe-~fill system, but Qne source of
concern is the possibility that the shape of the pipe might
vary from an ellipse as assumed in the derivation of the Towa
Formula. Comparison of pipe shapes as a function of EI at
AXx 8 10 per cent of D is shown in Figure 41 which is taken
from the X-ray photographs. The value of 10 per cent is

used instead of 5 per cent because the deviations are ex-
aggerated for visual comparisons, The Ax and Ay values
have also been doubled to facillitate visual comparisons,
Clearly the pipe does not remain elliptical during deforma-
tion nor does the vertical deflection equal the horizontale
The stiffer the.pipe wall, the more nearly does the pipe re-
main eliiptical and the more nearly equal are the horizontal
and vertical deflections Ax and Aye There can be little
doubt that er is influenced by thls variation in shape. How=-
every, Since it was demonstrated that er could be evaluated
for a given set of soil characteristics in terms of a con-
stant, Gy, it appears that the effect of variation of the pipe
shape c; er (pipe shape factor) is already included in Cie
See Equation 19. The fact that C; was found to be essentlally
constant for any given set of soil characteristics may be due
to the modifying influence of this:pipe shape factore
Reasonably it would seem that sinece cl decreases as the
settlement ratio increases negatively (see Figure 1), and

since the settlement ratio increases negatively as the pipe
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becomes more flexible, C; should decrease as the pipe becomes
more flexible, On the other hand it would appear from

Figure }j1 that the flexible pipe adjusts in shape to accommo=
date greater vertlical soil loads, so C, would tend to ine-
crease as the plpe becomes more flexible, A simllar modifying
effect of the pipé shape factor results from the influence

of height of fill on G;. From Figure 36 it appears that the
vertical compression of soil varies as the logarithm of the
vertical soil load; but Figures 34 and 35 show that vertical
deflection of the top of theApipe varies nearly linearly
with respect to vertical soll loade It follows that the
settlement ratio should increase negatively and Cl decrease
a8 the height of flill increases, On the other hand, the ine
fluence of the pipe shape factor increases as the pipe de-
flécts, so agaln thé pipe shape adjustment would tend to
raise the value of Cy as the height of fill increases, It
may Well:be that the surprisingly large value of C; = 3.2
evaluated for loess 1s larger than the predicted values of
0.7 to 1.0 because of this shape factor. dJudging from the
shape of the lightest section in Figure 1 it is apparent
that the horizontal deflection of the pipe wall is less than
it would be if the elliptical shape prevailed, This means
that the slope of the load-deflection curve for the lighter
section 1s steeper than would be expected, and the value for

Cy 1is therefore greater than would be expected.s See Table 3,
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This may account for a wvalue of C, as high as 3.2.

It has been shown in "Influence of Pipe Wall Stiffness
on the Modulus of Soil Reaction that C, may be taken as a
constant for any soil at a given compaction, so the in-
fluence of the pipe shape needs no further attention. From
these observations it also appears that the assumptions of
constent C; and elliptical pipe cross sectlon in the use of
the Iowa Formula are justified since any small variations in
the two "constants" would tend to counterbalance each other.

It is appropriate here to propose that further model
study be directed toward the investigation of failure con-
ditions. The comparison of pipe shapes reveals that pipe
collapse 1is more probable at a given Ax in the case of the
more flexible pipe because its shape is closer to that of
reversed curvature, This 1s proven by the X-ray tests
wherein pipe collapse occurred twice with the flexible sec-
tion at a deflection of about 12 per cent. Equivalent de-
flections were observed with the stiffer sectlons, but at no
time did the pipe collapse. Such an investigation of failure
condlitions could be carried out very satisfactorily by model
study. Some typical pipe fa’ _ures are shown in Figure L2.
Pipe collapse is shown in the three pipe sections on the
right labeled "Failure by Deflection". The center pipe sec-
tion, 1L-2, assumed the odd shape because a dial gage was in-
side of it when it collapsed. All three of these fallures



Figure 42. Typical fallures of model pipe sections
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occurred iIn loess at three 3-inch blows per layer and with a
plpe wall thickness of 0.011l inch. The innertube pressure
was between 15 psi. and 150 psi. at failure in all three
cases. The three pipe sections on the left all buckled in
sand at no compaction. The innertube pressures were 150,
155, end 160 psi. at failure. It is important to point out
that buckling occurred in each case at the seam which was

placed at 45 degrees from the top of the pipe section.

E. Experimental Verification of Prediction Equation

In order to investigate the characteristics of the
modulus of passive resistance of soil, a prediction equation
was derived whereby the modulus of passive resistance for a
full scale field installation could be investigated by a
model. See "Theory of Models as Applied to Flexible Pipe
Culverts Under Earth Fills". All of the preceding results
of this section have been determined expressly for a model,
Now the question arises as to whether these same results
hold for a prototype according to the prediction equation

er = {er), . ' Eqe 11
. The subscribt, m, refers to the model and the modulus of
soil reaction, er, is defined according to Equation 19 as

or = 1s36 C; DT S = 130 El Eq. 19

3
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Equation 11 may now be rewritten in terms of Equation 19 as

follows:
' EI _ (EI),
1.36 0 DTS = 130~;§ = 1,36 clm Dh Tm Sm - 130 Dh? .
Eq. 20

Verification of the prediction equation means simply verifi-
cation of Equation 20 provided the design conditions have
been met. From "Theory of Models as Applied to Flexible Pipe
Culverts Under Earth Fill," design conditions were estab-
lished as follows:

l. All dimensions in the soll must be geometrically

&°

similar in model and prototype. The scale factor is n =

where D is mean dlameter of the pipe.

2. (EI), = fﬁ- . |

3¢ All soil characteristics (including soil pressures)
must be the same in the model and prototype.

The first design condition was met by constructing two
models, one with all linear dimensions just half as large as
the other. See Figures 1l and 13. Thus n is 2. The large
model was considered to be the prototype.

The second design condition was met in the design of the
model pipe. Both pipe sections were made out of sheet iron
so that By = B+ The ratio of the thickness of metal, t, was
easily calculated to be

tm = 0.396t0
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The prototype pipe section was made out of 18 gage iron
which was 0,050 inch thick and the model was 0.019 inch
thick. Of course the diameter of the larger was twice the
smaller. "

The third design condition was met by using the same
goil in each cell, compacted in layefs of the same thickness
and with four times as many blows per layer in the prototype
cell,

Taking the above design conditions into account,
Equation 20 becomes

Eq. 21

26, Ts8s= clm T Sm . .
It was shown in "Influenée of Height of Fill on Modulus of
Soil Reaction" that Cy is a constant for any given pipe-

fill system dépending on gsettlement ratio, projection

ratio, and pipe sheape factor. If ratio of relative dis-
placements in the prototype and model is n, then Gl mast
equal Clm. For high fills Figure U3 indicates that such

must be the case so Gy = Glm. It is unfortunate ﬁhgt Figure
43 shows that the ratio of deflections is 2 for high fills
only. The timber walls for the prototype cell were not
constructed to proper tolerances and fit loosely after the
pipe had been installed. Very likely the ratio of deflec-
tions would have been 2 throughout the entire range of values

had that misfortune not occurred. For equal per cent de-

flection of the pipes the pressures on the tops of the pipes
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are the same, so T = T;. Finally Figure 43 proves that
28 = S, so Equation 21 1s a true statement and the prediction
equation is verified.

Replicabllity of results for the prototype cell as well
as the model cell is easily established. For example, Figure
)y shows load-deflection diagrams for two slightly different
Pipe sections in uncompacted Saint Peter sand in the proto-
type cell. The upper diagram 1s a replot of Figure 39. It
is easily shown tﬁat er is the same for both cases.

The important conclusion from the foregoing discussion
is that the modulus of soil reaction, er, is independent of
the size of the system, so er rather than e should be used
as the basic so0il modulus in applylng the Iowa Formula;

This fact generally clears up one point of confusion in the
design of flexible pipe culverts. Using the Iowa Formula
and assuming e = 20 1b. in.”3 to be the basic soil modulus,
Kelley (7, p. 36l4) plotted values of height of fill, H, in
feet as a function of diameter of the pipe, D, in inches.
The plot is reproduced as Curve A in Figure 5. To the left
of D = 36 inches the height of fill descreases as the
dismeter increases. This 1is to be expected. But to the
right of D = 36 inches the height of fill increases. This
defies intultive judgment and is the source of conslderable
doubt regarding the validity of the Iowa Formula. If er,

rather than e, is asccepted as the baslic soll modulus, and
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assuming that er = 360 1b. in."2, Curve B results. Cer-
tainly Curve B appears more logical and lends confidence to
the conclusions of this section.

Since er is independent of the size of the system it

mey be evaluated by means of a model.

F. Modification of the Spangler Theory

Spangler's theory as written in the form of Equation 15
must take on an additive constant if it is to account for
the P-intercepts. From Equation 17 the required constant is

TPo , wWith this additional term Equation 15 becomes
—

EI, . Ax TPo
H = (er + 131.2 = <+ ® Eq. 22
212 53136 c,TD T -

The last term may be considered as an effective height of
£i11, H,, which is sustained by the interlocking of the soil
pafticles. General design practice has established the
limiting value of horizontal deflection as Ax = 0.05 D.
Substituting these values in Equation 22 and multiplying
through by T,

HT = a%-'[0.00368(er) + 0,483 %%] + H,T », Eq. 23

where HT is the allowable vertical soil pressure above the

level of the top of the pipe. A discussion of the term, Ho’

followse.
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This project does not include evaluation of Ho but an
inspection of Figures 22, 23, and 2l would indi%ate that
TPO or Ho’ like er, 1s a function of the degree of compac-
tion, 0 e It may loglically follow that design of height
of £ill over flexible pipe culvert might take the form:

HT = c—i—- [fs(ﬂ ) + 0.8 %], Eq. 2l

where the first term in the brackets is a constant depending
on soil characteristics (including compaction), the second
term 1s the contribution due to pipe strength only, and Gl
is the interrelétionship between soll displacement and pipe
deformationes Model studies would be required to evaluate
the constents G, and £,({1) for basic soil types. It must
be emphasized that the modified Spangler theory as written
in Equation 2l includes the origlnal theory in that if Hy is
zero, or if it may be assumed zero, Equation 2l is the
original Spangler thebry. Furthermore, for most flexible

plpe culvert design, Hb may be conservatively set at zero.

Ge. Application of the Spangler Theory to an Existing
Flexible Pipe-fill Installation

Careful records of performance have been kept on a rather
famous flexible pipe-fill installatlion referred to as North
Carolina Project 8521 on Highway US 70 between Ridgecrest and
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01d Fort in western North Carolina.® The £ill height is
about 170 feet. The soll around the pipe 1s classified as
A«li according to the Bureau of Public Roads classification
system. Compaction is approximately 95 per cent Proctor
density. The soil weighs 105 pounds per cubic foote
According to these conditions, the load-deflectlon dlagram
for clay at twelve 1l2-inch blows per layer (see Figure 2l)
should apply approximately, For this diagram, S = 630 1lb.
in.=3, Using a boundary factor of 1,33 this slope would be
840 1be ine.=3 for a field installation. Since the silt-clay
mixture is rather dense, Cj is probably about unity, so er =
880 1be ine™2 as calculated by methods of Table 3, The pipe
of the North Carolina project was principally Armco Multi-
plate pipe with 2 inch x 6 inch corrugations for which per
inch of pipe length I = 0,1458 in.3, The dlameter of the
pipe was 66 inches, so 131.2 ?D-B]i = 1930 1be in."2, The maxi-
nmm.deflection.of‘the pipe was measured to be 5,82 per cent.
- Now from Equation 25, H = lé3 féet. This checks surprisingly
well with the actual height of fill of 170 feet, The result

is conservative as might be expected since H, was neglected.

1Proudle'y, Charles E.,, Chief Materials Engineer, North

Carolina State Highway and Public Works Commission, Raleigh,
North Carolina, Fileld notes on Project 8521, Private
comrunication, 11 January 1957,
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VII. SUMMARY AND CONCLUSIONS

A brief summary of results is presented in this section
togethér with some of the more important conclusions. The
first results to be consldered are those which bear directly
on the objective of this project which was to investigate
the modulus of passive resistance of soll and to establish a
pfactical method of evalueting it. The designation of
modnlus of passive resistance is e. The radius of the pipe
is r.

1. The quantity, er, rather than e is the basic soil
modulus which should be used in the Iowa Formula, Model
studies show that er is a property of soll cheracteristics
only. In this respect 1t represents the same qguality in the
soil of a pipe-fill system that Modulus of Elastlcity does
in an elastic system. This statement 1s confirmed by the
fact that the dimensions are the same. It is on this basis
that er 1s referred to in this project as the modulus of soil
reaction.

2¢ The modulus of soil reaction, er, is independent of
the size of the pipe-fill system so it may be evaluated by a
model study. The Iowa Formula can be rewritten to sult the

conditions of a specific model, then it may be resolved for
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er as follows:

er=l¢36 chTS‘IBIOZ%. Eq. 19

T is the transmission ratio for the model cell. It depends
on the particular model cell used, and is a constant for a
given soill. S is the slope of the load-deflection diagram
for the models D is the diameter of the pipe section. Cl

is a constant for any given set of soll characteristics

since it was shown to be essentially independent of height

of £il11, pipe radius, and pipe stiffness. Thls investigation
was limited to flexible pipe; that is, the pipe must deform
according to the lmperfect diteh condition. C1 1s a constant
for model and prototype. It primarily réﬁresents the com-
bined effects of settlement ratio, projection ratio, and
Plpe shape factor for the system. Equation 19 requires the
evaluation of Gl as well as er should the accuracy of design
or the soil type demand that C; be different from unity.

This may be done by plotting load-deflection diagrams for

two or more model pipe-fill systems in which pipe wall stiff-
ness, EI, is the only quantity varied. Two equations are
then avallable for evaluating er and cl. For clean,

gramilar material Gl mey be considered unity, and er may be
evaluated for any glven degree of compaction by a single

test.
3. The modulus of soil reaction, er, 1is independent of
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height of £ill, H, in the range for which the load-deflection
diagram is a straight line. The upper limit of linearity
for all load-deflection diagrams of this project is at least
7 per cent horizontal deflection. Above this deflection
there are breaks in the diagrams. The lower portions of all
load-deflection diagrams are curved depending on the varia-
tion of the degree of compaction from critical. For degree
of 6ompaction greater than critical, the lower limit of
linearity is at most 2 per cent deflection. It follows,
then, that er is useful between about 2 per cent and 7 per
cent horizontel 4qeflection, but since this range includes the
5 per cent deflection commonly used for design, it is con-
sildered adequate.

e The modulus of soil reaction, er, is independent of
pipe wall stiffness, EI. This presumes that the proper
value of C; has been determined.

5. TUnless all boundaries are geometrically similar and
otherwise the same in both model and prototype the walls of
the model cell must be spaced sufficiently far apart to in-
clude boundaries of relative soll displacement in the soil.
The top boundary of the model must be high enough to include
the plane of equal settlement at maximum pipe deflection.
This condition establishes a minimum height of fill for which
the model cell and prototype obey principles of similitude.
Consequently the minimum height of f£ill for which this type
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of model cell applies is the height to the plane of equal
settlement under maximum deflection conditions (usually
specified to be 5 per cent).

The following results of this projecp do not bear
directly on the characteristics or evaluation of er, but
since they apply to the application of er in the Iowa
Formula their inclusion here seems justified.

6. Since both the modulus of soil reaction, er, and
the constant, Cy, can be evaluated for a model and since
neither expression varies for model or prototype, the
height of £ill, H, for a field installation may be calcu-
lated by means of the Iowa Formula if modified and rewritten
as follows:

HT ='é'}'_' (er + 131.2% ) -i.AB%D

HT 1s the allowable soil pressure at the level of the top

of the pipe due to height of fill, H, and unit weight of the
soil, T . Hg‘is a constant depending on the soil
characteristics and particularly on the degree of compaction.
Ranges of values can easlily be determined by model studies
since Hgyl'= TP, wheré P, 1s the P-intercept of the load-
deflection diagram and T is transmission ratio for the
particular model cell and soil type. For most design work
under present methods of inspection and comtrol, it is

sufficiently accurate on the conservetive side to neglect
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the term, Hye If Hy 1s assumed to be zero the degree of
compaction of the fill in the proximity of the pipe must be
specified to be greater than critical compactione. The
quantity, Ax, 1s usually specified as the design condition
for-a-flexible pipe culvert. Ordinarily it is set at 5 per

cent of the diameter, D. Under this design conditlion the
BI
2 ==
p3
the contribution due to pipe stiffness. It is easily

quantity, f%%g‘ﬁ s becomes 0.037. The term, 1}1. s 1s
evaluated for any pipe.

If H, 1s zero or may be assumed zero, Equation 25 is
the original Spangler theory. By far the greater majority
of flexible pipe design problems will fall in this category.
An evaluation of Hy could'only be justified on very costly
projects wherein the conservatism of the Spangler theory is
not economical,

7. There is evidence that a constant pipe deflection
is not the best criterion for design. At a given deflection
such as Ax = 12 per cent of pipe diameter, very flexible
pipes will collapse whereas stiff pipes will not. More
investigation is needed at or near conditions of pipe
collapse to determine just what per cent deflection really
defines failure.

8. Model study is not limited to the evaluation of er,

Design conditions may be conveniently met which meke possible
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the direct prediction of deflection of a flexible pipe by
use of a model. Such & procedure would probably be confined
to high cost installatlions because of the cost of performing
model studies. When even greater accuracy can be justified
in the design of flexible pipe culverts, models can also be
used to lnvestigate the effect of stresses in the third
dimension or in the direction of the pipe axis.

9. Failure of flexible pipe by buckling rather than by
deflection looms as a serious problem as the design and con-
trol of pipe~fill Installations is improved. There is need
for study in this area to determine lower limits of pipe-
wall stiffness above which the Spangler theory is wvalid.
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X. APPENDIX

A. Angle of Passive Bearing Surface of Fiexible Pipe Culvert

When a flexible pipe deflects under an earth £ill the
horizontal diameter increases and develops passive or
partially passive soll pressures against the sides of the
pipe. See Figure lj6. In this project it is necessary to
estimate the angle of plpe-soil contact where passive pres-
sure tends to develop. A logical approach is to assume that
the circumference of the pipe remains constant during deforma-
tion and that the cross section remains elliptical. TUnder
these circumstances the points of Intersection of the ellipse
with its initial circular position can be locatede The angle
of passive bearing surface, 20, can then be determined. See
.Figure 47. The equation of an ellipse is:

b2x2 + agyz = alb2.
The equation of a circle is
x% + 32 = £2,
Now to relate a and b to r, for very small defiections for
which the circumference remains constant,

+
a b ~ p.

This is based on the common assumption that the decrease in

vertical diameter equals the increase in horizomt al diameter.
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Figure 46. Angle of passive bearing surface, 20, of flexible
pipe culvert against laterally adjacent soil
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Figure 7. Angles of passive bearing surface, 20, if b and s
are assigned limiting values
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It may be substituted into the equation of a circle, then
the equations for a circle and an ellipse may be solved
simultaneously for X and Y at the intersections. The re-
sults follow:

x b2r2 - 9.2b2
- b2 - a2
qu 26
Y = a2r2 - a2
- a2 - b2

In these equations b > a. The angle of contact, 20, can

be calculated from the relationship

-1 Y
@ = tan X * Eqe. 27

A few values are listed in Table l.
The value of 6 = 45° for a = b = r may be determined

by evaluating the limit as a approaches b of the equations

for X and ¥. For example, ietting Y, = Lim Y,
, a—b—-r1r
2 v2re - a2
YI‘ = Limit ) P
a—-b—==-rh b® - a

Limit ’(NA)ZrZ - (P‘A)Z(”A)a]
m
a0 L (r+2)2 - (r= 0)2

where A =D « a. Expanding and collecting terms

s

/3r2A2 - Ah' + g;BA

2 _ _
Tp- = Dimdt | e A )
2 i A3 1 2]
Y = Limit E;ra - T=—— 4 =
r H —=0 L hr 2
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Table li» Coordinates of intersection of ellipse with con-
centric circle of equal circumference; and angle
of passive bearing surface of flexible plpe
agalnst laterally adjacent soil by approximate
solution

Coordinates of intersection

a b X Y e
1.00r 1.00r 0.707r 0.707r 45.0°
0.99r 1.01r 0.713r 0.702r Lo 6°
0.98r 1.02r 0.718r 0.697r uh.2°
0.97r 1.03p 0.723r 0.691r 1.3.8°
0.96r 1.0hr 0.728r 0.685r 1343°
0.95r 1.05r 0.733r 0.680r L2.9°
0.9 r 1.1 r 0.759r 0.653r Lo.7°
0.8 » 1.2 r  0.805r 0.59hr 3645°

1
v2=3r2 or ¥, =i7%=
Likewise X, = 7=
" e
and e = }45°.

There 1is a slight error involved In the common assump-
tion that 2;%;2 = r if the circumference of the circle 1is to
be the same as the circumference of the ellipse. This error
can easily be pointed out by evaluating an equation for the
circumference of an ellipse, sa, and comparing it with the

circumference of a circle, s, = 27Tr, The equation of an
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ellipse may be written in the parametric form,
-b sin/3 d /3
y a cog 3 40
whe re /3 is as indicated on Figure L6. Now since dsg =
)/dxz + dya,

XxX=b> cos/3 or dx

a sin /3 or dy

ds, = )/b‘?‘sinzﬁ + aacos% d/3
2 2
ds, = y[i - kasin?/3 vhere k2 = 9——=§§— .
b

The expression for k2 is known as the eccentricity of the
ellipse. Integrating from /3= 0 to /2 =2m (L, p. 50L)

_ 2 1 ;1° 22 1 (1le3e 32_...
se-zvrb[l-(%k) --3-(2—,&1:) -g(?‘ﬁ-:gk) ]

If b is assigned the value b = l.1lr

S = 6429996 r.
But if se = sc ]
8¢ = 2 T r = 6.28318 r.

Working backwards from sg = 6.28318r it is found that a
cannot be 0.9r but rather a = 0.8947r. See Figure l8a for
further comparison of valuess For b = 1.,1000r and a =
0.8947r, 6 = 39.2%, instead of 40.7° as listed in Table L.
The resulting discrepancy is taken into asccount in the
plots of Figure 48 labeled Accurate Values.
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B. Discussion of Shape of Inflated Membrane as Passive

Bearing Surface for Modpares Device

Figure [j9a compares the shapes of the inflated membrane
(vhich is a circle) and the assumed elliptical shape of the
deflected pipe if a = 0,9 r and b = 1,1 r. Figure [9b shows
the difference betwsen the deflections of the membrane and
the ellipse if a = 0,9 r and b = 1,1 r. The deviation 1is
not enough to cause concern. In the first place the actual
shape of the pipe varies from the assumed ellipse more than

does the membrame. See Figure l4l. In the second place, the
shape of the bearing surface is only of secondary importance
since the primary data to be observed are the maximum soil
pressure, h, and the maximum deflection 92-5 e Thirdly, an
unknown factor may be needed to convert air pressure on the
membrane to maximum soll pressure. This factor will
probably account also for the difference in the shapes of
the membrane and the actual deflected pipe.

The logical conclusion is thaet a membrane may be sub-
stituted for the plipe wall in order to apply pressure to the
soll, provided that some constant of proportionality be

introduced to convert air pressure to maximum horizontal soil

pressure.
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C. Rational Demonstration of Prediction Equation

A rational derivation of the prediction equation,

o = gﬂ » 1s contained in this Appendix. Let the two
parallelopipeds in Figure 50a represent pressure cylinders
(pressure bulbs) adjacent to two pipes of different size.
The smaller is assumed to be a model of the larger. The
term, pressure cylinder (pressure bulb) is here defined as
that surface on which the horizontal component of direct
stress, pys 1s the same at every point; say, for instance,
Px = O.lhe Actually the pressure cylinders should look more
like Figure 50c, but it is easier at the moment to visualize
the deformation of parallelopipeds as in Figure 50a. The
conclusions are the same for either figuré. These parallelo-
pipeds are dimensionally similar according to the Design
Conditions. The ratlo of linear dimensions is the length
scale factor; that is, n = Iﬁ%"

Now the two parallelopipeds may be thought of as short
compression members lylng on their sides as seen in free body
diagrams of pressure cylinders in Figure 50b. Assume that
the unit stress, h, is the sasme on the ends of both short
colurms. This is accomplished if the soil characteristics

(particularly pressures in this case) are the same in model

end prototype. Now assume that the columns decrease in

length by'_%%., then if Hooke's Law may be assumed to apply,
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Figure 50a. Idealized pressure cylinders adjacent to
flexible pipe

2 ———— -
bo———
A
-
e— | B -
é o—
P —— e . . - - —
IS e ———
fo—
e——
bg———————
h——————

Figure 50b, Free body diagram of idealized pressure
- 6ylinders

[ressure
Cylinder

2
\

Pigure 50c. Probable shape of pressure cylinders




171

Prototxge Model
Ax _+ L ékxm Im
===hg = Mg,

where E = modulus of elasticity. Rewriting

Ax=2h% Axm=2h£'@.
En
or h:Eé_:.:. hm=.E_.m_9_;xE.
2L 2Ly,
Now since EI%%QA by definition, then
E B
e=7 and em = f;"

Again If soll characteristics are the same, E = E,; and if
by similarity L = nlh, then

ez—.

n
This confirms the prediction equation.

There are other ways of arriving at the same conclusion
using rational methods, but all of them require the same
basic assumptlions; l.e., the soll is an elastic material and
the proportional limlt is not exceeded. Obvipusly these
aésumptions are not true, so the above demonstration is
questionable. Still soll action and elastic actlion are of
such similarity that the above result is of interest.
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De. Proof of Design Conditions by General Equations
of Elasticity

A check on the design conditions follows immediately
from the general equations of elasticity which theoreticé.lly
meke possible the solution of two dimensional stress. The
equations according to Timoshenko and Goodier (25) follow:
(Notation in the Appendix follows Timoshenko rather than

notation adopted for the report in general.)

Equations 0 0 x + o Tx_x +X=0
of aax 3 _iy
T
Equilibrium -?;§F'+ -—Eyfx +Y¥=0
Boundary X = Te+m Txy

|
i

Conditions m (Ty + —rxy

Combined Compatibility Equation after Timoshenko end Goodier
(25, pe 25) (Hooke!s Law applies.)

o 97 0 [fox ay
<&Xz+'a72)<0~x+0;) = l.“)J (ax + &)/)

(. and (y are the x and y components of direct stress.

Txy is shear stress on the x and y planes (planes per-
pendicular to the x and y axes).

X and Y are x and y components of body force.
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(Body force is defined as any force acting throughout
the volume of =a bodj in contradistinction to an ex-
ternal force which acts on the surface. Examples of
body forces are gravity, magnetic attraction ér re-
pulsion, and inertia if the body is accelerating.)

X and Y are the x and ¥y components of surface forces or
surface tractions.

! end m sre x eand y direction cosines of the normsl to the
boundary. |

Y 1s Poissont's ratio,

In the ébove equations, tﬁe stress is uniquely deter-
mined at any location provided the body force, the boﬁndary
conditions and Poisson's ratio are defined throughout.
Suppose now that the same equations are applied tq a'model

x .

whose x end y length scales are X, = & ; and y, =‘% ; and

we

whose stress scale is unity (i.e., W; = G%m and - Tkyl’

7¥7m)‘ One equation of equilibrium becomes:

o U'xm aTx-ym |
+ + X, = 0
0 2y O ¥m
where _fig;fﬂ_ = 00z _ax = n..fité_
axm ox axp cx
a - &y _ . 5 A
O ¥ oy 4y, y

o 04 oy
- ‘,7+_]_. =0 .
oF o x * oy nxm
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But from the original equation of equilibrium,

_?__9._5-!- aTxy-!-X:O
0O x oy
s0o sznx,

By similar reasoning Yﬁ = n¥.

- Again it is clear that the body forces must be n-times as
heavy in the model; that i1s, the unit weight of the soil
must be n-times as great in the model as in the prototype.
‘This discussion partially confirms the third statement
under ﬁésign Conditions II. |

Ag far as boundary stresses are concerned

X, = X

and Y =Y

from the eqﬁations of boundary cénditions éo long as
G"xm_.: 0x

and Tkyh = -Tky .

Of course, Zm‘= 2 and m, = m from geometrical similarity.
The above conditions indicate thaf the équétionsvwhich
establisﬁ boundary conditions are satisfied if all stresses,
internal and boundary, are the same in model and prototype.
Finally, Polssonts ratio,l), may be investigated from

the equation of compatibility. For the model this equation

2%  a® oX, O
(ax,,f " ay,f)((r"m* B)= - (..'»)m < ox,, a;)

becomes
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where the following relationships hold from the preceding

paragraph:
X, = nX
Y, =nY
Ix, = (x
Iy = (v
Txy, = Tar.

Substituting in these values the second parenthesis on the
right becomes

Cmm+aY)= L OX dx . Y dy

OXm O Yim X dXy oy dy,
_ z{ X oY
" <ax "oy
Also Ol . O0x dx _ 20
C O0Xm ox  dx, X

2% 1x 2 O 0x
m n
O X oxX

ang .

Expanding the same reasoning,

of | of 0"  a°
(5?(’"2 + aymz)((j'xm + (Tym) - nz(axz + dyz)(q; + 0, )

Substituting equivalent prototype terms for the model terms
2

in the equation of compatibility, n®™ cancels out and

(). ) -

This indicates that Poisson's ratio must be the same in both
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model and prototype. The idea of Poisson's ratio in solls

is certainly not exact, for soil is not aﬁ elastic material,
Nevertheless Bousines, Westergaard, Newman, and others,
according to Taylor (21, pp. 250-266), have found that
stresses can be calculated in soils by use of theory of
elasticlty with generally acceptable accuracy, provided
relative displacements are very small as in the case of
stresses below a footing. But even if the relative displace~
ments are large as around flexible culverts, soil does have a
modulus of passive resistance which 1s comparable to the
Modulus of Elasticity even though it may not remain constant
as the Modulus of Elastlcity is assumed to do in the theory
of elasticity. By simllar reasoning there is undoubtedly a
phenomenon in soils similar to Polsson's ratio. Whatever
this soll property may be, it would ceftainly follow that two
soils in which all other characteristics are the same would
have the same "Poisson's ratio". For lack of more knowledge
about soils this suggests that all soil characteristics
should be the same in both model and prototype to insure that
Poisson's ratio be the same. This further confirms the third

statement in the Design Condltions.
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E. Spacing of X-Boundaries in Model According to
Peck!s Bearing Theory

1. For sand (wet or dry)

Figure 5la shows a cross section of the model. The
spacing of the X-boundaries 1s iIndicated by Qx. Peck!s work
on bearing capacity of sand for footings (11, pp. 219-233),
would indicate that X-boundaries vary markedly as a function
of the internal friction angle, @, of the soil. If his
theory 1s applied to culverts the X-boundary spacing varies
with # as shown in Figure 5lc. These results are based on
Peck!s plot of N, = k(N¢2 - 1) which is reproduced here in
Figufe 51b, As demonstrated in Appendix A, it may be assumed
that B = 0,707 D; so I, = 2kB + D = (1.4l k + D) where k may
be calculated from the relationship k = N /(N¢2¥1). §¢ is a
function of friction angle, @, only. It is defined as Nﬂ =
tan?(145°+2) ana represents the ratio of maximum and minimum
principal stresses at failure (11, p. 87). as ﬂ varies from
30° to L40°, L, varies from approximately 2D to 9.5D.

2. For clay (saturated)

Figures 52a and 52b show the general cross section of
the model. The X-boundary spacing is indicated as Ly. The
probeble horizontal soil pressures developed by the dis-
placement of the pipe iInto the soll would plot somewhat_as
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shown in Figure 52c¢; but in order to apply Peck's bearing
method it must be assumed that the bearing surface is a long
rectangle in shape and that it is perfectly rigid as shown
In Figure 52d. In the case of saturated clay it is
customary to neglect any friction angle and to assume that
shear strength in the soil 1s derived from cohesion only.
Under these assumptions failure will occur on a 450 angle
plane as shown in Figure 52¢ (11, p. 250). Now if the width
of the plate is B, it is apparent that the relative soll
displacement will extend a distance B laterally into the
soil; that is, on Figure 52¢, k = 1.

Applying the same general theory to a culvert, it might
be reasonable tq assume that 90o of arc of pipe projects
into the soil. See Figure 52¢. (This is conservative, for
as shown ln Appendix A, 20 = 90° just as the pipe starts to
deflect, but by the time Ax = 0.,1D, 26 is only about 80°,)
Based on this assumption, B = D sin @ = 0.7D, and the
spacing becomes Ly = 2B + D = 2,4D; or conservatively the
spacing of the X-boundaries is L, = 2.5D.

3¢ PFor clay (unsaturated)

No attempt is made 4o predict the location of the X=-
boundaries for unsaturated clay since itlwill vary between
wide limits. One 1limit is the same as for saturated clay;
1.0, Lx = 2.5D. The other limit could be approximately the
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same as sand. Of course the compressibility of clay makes
it éct more like an elastic material with an infinite
boundary, but at the same time, the cohesion of clay
together with the plastidity tend to modify the effects of
compressibility by an indeterminate amount, so further

consideration here is omitted.

Fo Identification of Soil Samples

The descriptions of soil samples used in this project
are of minor concern since characteristics rather than
numerical values of the modulus of soil reaction were in-
vestigated. Except for the moist plaster sand referred to
on page 89b all soil samples used are described in Table
5. No description was available for the moist plaster
sande. The clay tested in this project was a one to one
ﬁixture by weight of the clay and gumbo till described in
the last two columns of Table 5, Mixing was reguired to
provide a sample large encugh for testing.



Table 5, Sources énd engineering properties of soll samples

Item __Soil sample , —
“WhIte sand Loess Clay Gumbo t111
Iowa Exp., Sta. No. Enge 20-2 V 207=5 1 6=l
Location (County in Iowa) Black Hawk  Harrison Allamakee Warren
Geologlc material Silica sand Friable loess (Clay Plastic clay
Soil series St. Peter Hamburg Fayette Shelby
Formation
Horizon c C C -
Sample depth 39=-40 ft, 10-11 ft. 83-106 ft,.
Textursl percentages
Gravel ( 2 rm.) 0.0 0.0 1.3 (out)
Sand (2-0 07'.'. mm.) Nearl‘y 100 063 008 32.6
S1lt (0,074=0,005 nm,) 82.7 7667 29,1
Clay ( 0,005 mm,) . 17.0 22,5 37.0
Textural classification Sand Silty clay Clay
(BoPoR ) loanm
Atterberg limits '
Liquid 1imit (per cent) 3345 29.7 38,2
Plastioc limit. (per cent) 27.8 22.9 15.1
Plasticity index N.P. 5.7 6.8 23.1
Engineering classification A=3

Avos oHoo . )

A-4 (8)

A=l (8)

c8t
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